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NATIONAL CENTRE FOR NUCLEAR RESEARCH

Abstract
Vector-like fermions as

candidates for New Physics

Daniele RIZZO

The Standard Model of particle physics, while remarkably successful, leaves several funda-
mental questions unanswered. Issues such as the origin of fermion masses, the hierarchy
problem, and the absence of viable dark matter candidates suggest the presence of new
physics beyond the Standard Model. Among the many proposed extensions, models incor-
porating vector-like fermions offer a compelling avenue for exploration. Their non-chiral na-
ture permits interactions with the Standard Model fields without introducing gauge anoma-
lies, enabling flexible phenomenological implementations.

This thesis presents a comprehensive investigation of models featuring vector-like fermions
from both phenomenological and theoretical perspectives. It begins with an analysis of
a minimal extension of the Standard Model featuring additional scalars and vector-like
fermions. This model offers a novel mechanism for the generation of Standard Model fermion
masses, while also accommodating the observed anomaly in the muon’s magnetic moment
and remaining consistent with current collider constraints through dedicated parameter
space scans. The work then transitions to a more theoretical investigation. First, it examines
the renormalization group flow in a toy model of vector-like quarks and SU(NC) gluons,
extended to include infinitely many flavors and colors. Using functional renormalization
group techniques, the ultraviolet behavior of this model is studied non-perturbatively, and
the existence of interacting fixed points is explored. The presence of such a fixed point –
which may provide a UV completion – is a welcome feature, however, a scenario with an
infinite number of fields is not realistic. Another theory that exhibits an ultraviolet fixed
point is quantum gravity. The thesis investigates how quantum gravity effects–through the
assumption of asymptotic safety–can impact the parameter space of beyond the Standard
Model scenarios. Specifically, the idea that ultraviolet fixed points emerge from gravity-
induced corrections is used to predict viable configurations of vector-like fermions and new
gauge bosons, linking low-energy observables to Planck-scale physics.

Overall, the results underscore the versatility of vector-like fermions in beyond the Standard
Model model building and highlight the complementary roles of phenomenological studies
and non-perturbative methods in exploring physics beyond the Standard Model.

HTTP://WWW.NCBJ.GOV.PL
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Streszczenie
Vector-like fermions as

candidates for New Physics

Daniele RIZZO

Standard Model fizyki czstek, mimo swojej niezwykej skutecznoci, pozostawia wiele funda-
mentalnych pyta bez odpowiedzi. Problemy takie jak pochodzenie mas fermionów, problem
hierarchii oraz brak odpowiednich kandydatów na ciemn materi sugeruj istnienie nowej fi-
zyki poza Standard Model. Wród wielu proponowanych rozszerze, szczególnie interesujc
ciek bada s modele zawierajce vector-like fermions. Ich nie-chiralna natura pozwala na od-
dziaywania z polami Standard Model bez wprowadzania anomalii cechowania, umoliwiajc
elastyczne zastosowania fenomenologiczne.

Niniejsza rozprawa przedstawia kompleksowe badania vector-like fermions z perspektywy
zarówno fenomenologicznej, jak i teoretycznej. Rozpoczyna si od analizy minimalnego
rozszerzenia Standard Model, zawierajcego dodatkowe skalary oraz vector-like fermions.
Przez przeszukiwanie przestrzeni parametrów i uwzgldnienie ogranicze eksperymental-
nych wykazano, e model ten potrafi wyjani anomalny moment magnetyczny mionu, a take
proponuje mechanizm generowania mas dla fermionów Standard Model. Nastpnie praca
przechodzi do bardziej teoretycznego ujcia, badajc przepyw grupy renormalizacji w modelu
zoonym z kwarków i gluonów, rozszerzonym o nieskoczenie wiele smaków i kolorów. Za
pomoc techniki functional renormalization group analizowane jest zachowanie w ultrafio-
letowym zakresie energii, z naciskiem na istnienie punktów staych. W ostatnim etapie roz-
prawy przedstawiono, w jaki sposób efekty grawitacji kwantowej – poprzez zaoenie asymp-
totic safety – mog ogranicza przestrze parametrów modeli beyond the Standard Model. W
szczególnoci pokazano, e przyjcie istnienia punktów staych w ultrafiolecie wynikajcych z
poprawek indukowanych przez grawitacj pozwala przewidzie dopuszczalne konfiguracje
vector-like fermions i nowych bozonów cechowania, wic obserwacje niskoenergetyczne z
fizyk w skali Plancka.

Wyniki pracy podkrelaj uniwersalno vector-like fermions w budowaniu modeli beyond the
Standard Model oraz ukazuj komplementarno podejcia fenomenologicznego i metod nie-
perturbacyjnych w badaniu nowej fizyki.

HTTP://WWW.NCBJ.GOV.PL
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1
Introduction

The Standard Model (SM) of particle physics stands as a cornerstone of modern theoretical
physics, successfully accounting for a wide range of high-energy and low-energy phenom-
ena. Nevertheless, it is widely regarded as an effective theory, valid only up to a certain
energy scale. Several experimental facts and theoretical considerations point to the existence
of new physics beyond the SM. Additionally, the SM fails to incorporate gravity and does
not achieve unification of the fundamental forces.

Among the many proposed extensions of the SM, vector-like fermions (VLFs) offer a par-
ticularly appealing and minimal possibility. Unlike the chiral fermions of the SM, both left-
and right-handed components of VLFs transform identically under the gauge group. This
feature ensures automatic cancellation of gauge anomalies and allows the introduction of
VLFs without disturbing the internal consistency of the theory. Their gauge-invariant Dirac
mass terms enable them to be heavy without requiring electroweak symmetry breaking,
making them ideal candidates for beyond the SM (BSM) physics. VLFs appear in a variety
of theoretical frameworks, such as grand unified theories (GUTs), extra-dimensional mod-
els, and composite Higgs constructions. Their presence can modify electroweak precision
observables, and leave detectable imprints at colliders. Moreover, they influence the renor-
malization group (RG) running of SM couplings and may contribute to electroweak vacuum
stability or even provide hints toward resolving the naturalness problem.

The aim of this thesis is to explore the theoretical consistency and phenomenological implica-
tions of VLFs as extensions of the SM. The investigation proceeds from two complementary
perspectives. On one hand, we study the low-energy phenomenology of VLF extensions of
the SM, by scanning their parameter space and identifying viable benchmark points. On
the other hand, we explore the high-energy behavior of these models by examining whether
their RG flow is consistent with asymptotic safety (AS). This dual approach – combining
bottom-up and top-down insights – allows us to develop a consistent picture of VLF-based
BSM models and their physical implications.

In Chapter 2, the essential theoretical background underlying this thesis is presented. It be-
gins with a concise overview of the SM, briefly reviewing particle content, the Higgs mecha-
nism, and the distinction between chiral and vector-like fermions, with particular emphasis
on gauge consistency and anomaly cancellation. The chapter then shifts focus toward the RG
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formalism, extensively discussing its crucial role in understanding the energy dependence of
coupling constants, masses, and the general structure of quantum field theories. Concepts
such as running couplings, perturbative expansions, and the emergence of fixed points –
both perturbative and non-perturbative – are carefully introduced. Special attention is given
to illustrating RG flows in simple yet instructive examples, highlighting phenomena like
asymptotic freedom, triviality, and asymptotic safety. This comprehensive RG discussion
provides the necessary foundation for the deeper explorations of non-perturbative dynam-
ics and ultraviolet (UV) completions investigated in subsequent chapters.

Chapters 3-5 present original research performed during my doctoral studies, each explor-
ing different facets of VLF phenomenology and their theoretical embeddings.

In Chapter 3, based on [1], the phenomenological implications of extending the SM with
VLFs and additional scalar fields are thoroughly explored. This chapter particularly empha-
sizes the potential of VLFs to address several outstanding questions within particle physics,
such as the anomalous magnetic moment of the muon and the hierarchical structure of
fermion masses. Employing global analyses and collider studies, the research identifies vi-
able benchmark scenarios consistent with current experimental constraints, highlighting the
versatility and significance of VLF-based extensions in probing physics beyond the SM. Ad-
ditionally, detailed constraints from flavor physics and scalar potential stability are metic-
ulously incorporated into the analysis. These efforts culminate in concrete predictions that
can be directly tested in ongoing and future collider experiments.

In Chapter 4, based on an ongoing project, the theoretical foundations of VLF extensions are
rigorously examined through non-perturbative RG techniques. The investigation primarily
focuses on the UV dynamics of gauge-Yukawa theories, exploring the existence and prop-
erties of UV fixed points within these models. By employing functional renormalization
group (FRG) methods in the limit of large numbers of fermion flavors and gauge colors, the
study identifies scenarios where asymptotic safety could be realized, potentially providing
a UV-complete theoretical embedding for VLF models. The chapter thoroughly addresses
the impact of including higher-dimensional, beyond-marginal operators, highlighting the
intricate and non-trivial RG structure that emerges.

In Chapter 5, based on [2, 3], the interplay between asymptotically safe gravity and the
phenomenology of VLF models is examined in detail. This chapter introduces a heuris-
tic framework where quantum gravitational effects, characterized by trans-Planckian fixed
points, impose stringent boundary conditions on gauge, Yukawa, and scalar couplings at
the Planck scale. By applying this approach to minimal Z′ extensions of the SM motivated
by the now-resolved flavor anomalies, precise predictions for the couplings in the model
are derived. The analysis robustly incorporates current experimental constraints from LHC
searches, revealing substantial predictive power and highlighting scenarios that remain vi-
able against stringent collider data. Additionally, the chapter critically evaluates the theo-
retical robustness of these predictions, particularly concerning higher-order corrections and
uncertainties related to gravitational decoupling at the Planck scale, thereby demonstrating
both the potential and the limitations inherent the heuristic approach to asymptotically safe
quantum gravity as a guiding principle for BSM phenomenology.

Finally, chapter 6 summarizes the results and presents the conclusions.
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2
Background

In what follows we will introduce the SM of particle physics and the RG, and review the
properties that are relevant for the manuscript. This chapter must not be taken as exhaustive,
but just as an introduction to the most basic formulation of the SM and a discussion on the
main challenges the model faces and fails to solve. The reader who is interested in studying
in more depth such topics, should refer to textbooks on quantum field theory (QFT) and the
SM, e.g. [4, 5].

2.1 The Standard Model of Particle Physics

The SM stands as the most successful QFT constructed to date, accurately describing the
electromagnetic, weak, and strong interactions among elementary particles. Its predictions
span a vast range of energy scales and have been confirmed to remarkable precision by
experimental data from collider experiments, precision electroweak tests, and flavor physics.
Despite its success, the SM is widely regarded as an effective field theory (EFT) that needs to
be completed in the UV, as it leaves several key questions unanswered - such as the nature of
dark matter, the origin of neutrino masses, the matter-antimatter asymmetry of the Universe,
and the mechanism behind electroweak symmetry breaking.

2.1.1 Particle content

The SM incorporates all experimentally verified fundamental interactions, excluding gravity,
within a mathematically elegant and relatively simple theoretical framework. Its structure
emerges naturally once we demand Lorentz invariance and impose local gauge symmetries.
These internal symmetries form the gauge group

SU(3)c × SU(2)L × U(1)Y,

representing color charge, weak isospin, and hypercharge, respectively. The particles, specif-
ically fermions and the Higgs scalar, transform under distinct representations of these sym-
metry groups, as detailed in Table 2.1. Their mutual interactions are mediated by gauge
bosons, arising inherently from the theory’s invariance under the aforementioned gauge
symmetries.
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Field Spin SU(3)c SU(2)L Y Q = T3 + Y

q =

(
uL

dL

)
1/2 3 2 1/6

(
+2/3

−1/3

)
uR 1/2 3 1 +2/3 +2/3

dR 1/2 3 1 −1/3 −1/3

l =

(
νL

eL

)
1/2 1 2 −1/2

(
0

−1

)
eR 1/2 1 1 −1 −1

ϕ =

(
ϕ+

ϕ0

)
0 1 2 +1/2

(
+1

0

)

TABLE 2.1: SM scalar and (Weyl) fermions and their representations under
the gauge group of the SM.

The SM Lagrangian represents the most general renormalisable theory consistent with the
gauge group SU(3)c × SU(2)L × U(1)Y. In a concise form, the Lagrangian reads:

LSM = − 1
4

Ga
µνGa µν − 1

4
Wi

µνWi µν − 1
4

BµνBµν

+ (Dµϕ)†(Dµϕ) + µ2 ϕ†ϕ − λ

2
(ϕ†ϕ)2

+ i ψi /D ψi −
(

qi yij
u ujR ϕ̃ + qi yij

d djR ϕ + li yij
l ejR ϕ + h.c.

)
, (2.1)

where we define /D = Dµγµ and ψi are Dirac spinor corresponding to the Weyl spinors
introduced in Table 2.1. The covariant derivative is expressed as:

Dµ = ∂µ + ig3 Ga
µTa + ig2Wi

µTi + igY BµY, (2.2)

with gauge fields Ga
µ, Wi

µ, and Bµ corresponding to the strong and electroweak gauge sym-
metries. Indices a and i run over the adjoint representations of their respective gauge groups,
with Ta = λa/2 for SU(3)c (using Gell-Mann matrices λa) and Ti = σi/2 for SU(2)L (using
Pauli matrices σi). Hypercharge is indicated by Y. When acting upon fields invariant under
certain groups, the associated generator vanishes. Field strengths are defined as:

Bµν = ∂µBν − ∂νBµ, (2.3)

Wi
µν = ∂µWi

ν − ∂νWi
µ − g2 ϵijk W j

µWk
ν , (2.4)

Ga
µν = ∂µGa

ν − ∂νGa
µ − g3 f abc Gb

µGc
ν, (2.5)

with structure constants ϵijk and f abc associated with SU(2) and SU(3) groups, respectively.
While the strong interaction, carried by gluons, remains unaltered and retains its gauge sym-
metry, the electroweak interaction experiences a fundamental change due to spontaneous
symmetry breaking. This breaking originates from the potential associated with the Higgs
scalar field, often visualized as a "Mexican-hat" shaped potential, cf. figure 2.1. Specifically,
the original electroweak gauge symmetry, SU(2)L × U(1)Y, is spontaneously broken down
to a residual symmetry group, U(1)em, corresponding to electromagnetism.
This symmetry-breaking mechanism generates mass for the W± and Z gauge bosons [6–
8], as the would-be Goldstone bosons produced by the symmetry breaking are absorbed by
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these bosons – a property known as the Higgs mechanism. Consequently, the photon (γ),
which corresponds to the unbroken U(1)em, remains massless, while the W± and Z bosons
gain significant masses. This mass acquisition explains why the weak interactions are in-
herently weaker than electromagnetic and strong interactions at low energies. The Higgs
mechanism is going to be discussed in more details in section 2.1.3.
Moreover, spontaneous symmetry breaking is also responsible for generating fermion masses
through their Yukawa couplings to the Higgs field. These Yukawa couplings, represented
as 3 × 3 matrices in flavour space, are generally not diagonal, leading to flavour mixing
among quarks and leptons. This flavour mixing manifests explicitly when transitioning
from the gauge eigenbasis to the mass eigenbasis. In the quark sector, this is described by the
Cabibbo-Kobayashi-Maskawa (CKM) matrix, while in the lepton sector, the analogous effect
is encapsulated in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. Additionally,
the conservation of baryon and lepton numbers emerges naturally as accidental symmetries
within the structure of the SM Lagrangian [9]. These symmetries are not imposed explicitly
in the Lagrangian but emerge due to the renormalizability and field content of the theory.
As such, they are not expected to hold in a more fundamental theory, and indeed many ex-
tensions of the SM predict their violation, leading to phenomena such as proton decay or
lepton-number violating processes like neutrinoless double beta decay.

2.1.2 Vector-like vs. chiral fermions

A key structural feature of the SM is its use of chiral fermions - fields whose left- and right-
handed components transform differently under the gauge group. This chiral nature is
responsible for many of the SM’s distinctive properties, including the parity violation ob-
served in weak interactions and the absence of explicit mass terms for fermions before elec-
troweak symmetry breaking. In contrast, vector-like fermions have identical gauge transfor-
mation properties for both chiralities and thus allow for bare mass terms in the Lagrangian
without violating gauge invariance. Understanding the distinction between these two types
of fermions is essential when constructing theories beyond the SM.
To illustrate the difference, consider a free Dirac fermion in four dimensions, expressed in
terms of its left- and right-handed Weyl components:

LD = i ψ†
L σ̄µ∂µψL + i ψ†

R σµ∂µψR − m
(

ψ†
LψR + ψ†

RψL

)
, (2.6)

where ψL and ψR are two-component left- and right-handed Weyl spinors, and m is a Dirac
mass term coupling them. The kinetic terms are invariant under separate global U(1) trans-
formations acting on ψL and ψR:

ψL → eiθL ψL, ψR → eiθR ψR. (2.7)

This symmetry can be decomposed into two independent transformations: a vector symme-
try U(1)V and an axial symmetry U(1)A, defined by

U(1)V : ψL,R → eiαψL,R ⇒ Ψ → eiαΨ, (2.8)

U(1)A : ψL → eiβψL, ψR → e−iβψR ⇒ Ψ → eiβγ5
Ψ, (2.9)

where Ψ = (ψL, ψR)
T is the four-component Dirac spinor and γ5 is the usual chirality matrix.
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According to Noether’s theorem, every continuous global symmetry of the Lagrangian cor-
responds to a conserved current. In the case of fermionic field theories, global phase rota-
tions give rise to vector and axial (chiral) symmetries, each associated with a distinct con-
served quantity - provided the symmetry is respected by the full Lagrangian. For the Dirac
fermion considered here, the conserved currents corresponding to the U(1)V and U(1)A

symmetries are given by:
jµ
V = Ψ̄γµΨ, jµ

A = Ψ̄γµγ5Ψ. (2.10)

Computing the divergences of these currents using the equations of motion yields:

∂µ jµ
V = 0, ∂µ jµ

A = 2im Ψ̄γ5Ψ. (2.11)

We see that the vector symmetry remains conserved even in the presence of the mass term,
while the axial symmetry is explicitly broken by the fermion mass. This illustrates the es-
sential distinction: the Dirac mass term preserves vector symmetries but violates axial (or
chiral) ones.
This distinction becomes crucial in gauge theories. In a chiral gauge theory - like the SM -
the left- and right-handed components of fermions transform under different gauge repre-
sentations. Consequently, a mass term of the form ψLψR is not gauge invariant and is there-
fore forbidden prior to spontaneous symmetry breaking. Fermion masses in the SM are
generated dynamically via Yukawa interactions with the Higgs field, which restore gauge
invariance after the Higgs acquires a vacuum expectation value (vev).
In contrast, VLFs have left- and right-handed components that transform identically under
the gauge group. For example, a pair of Weyl spinors χL and χR both in the fundamental
of SU(3)c and neutral under electroweak interactions can be combined into a Dirac fermion
with a gauge-invariant mass term:

LVLF
mass ⊃ −M χ†

L χR. (2.12)

No symmetry forbids this term, so VLFs can be naturally heavy, with masses even above
the electroweak scale. This makes them excellent candidates for physics beyond the SM,
appearing in theories such as:

• Extra-dimensional models (e.g., Kaluza-Klein fermions);

• Composite Higgs and partial compositeness scenarios;

• Grand Unified Theories with incomplete multiplets;

• Models with new vector-like quarks or leptons interacting with the Higgs.

2.1.3 The Higgs mechanism

As discussed in the previous section, the fermionic content of the SM is chiral, with left-
and right-handed components transforming differently under the gauge group SU(3)c ×
SU(2)L × U(1)Y. Consequently, gauge invariance forbids explicit mass terms of the form
mψLψR in the Lagrangian. However, the observed elementary particles — both fermions
and weak gauge bosons — are massive. Reconciling gauge invariance with the generation
of particle masses requires a dynamical mechanism: the Higgs mechanism.
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FIGURE 2.1: Illustration of the Higgs potential, equation 2.16. The minimum
lies on a degenerate circle of vacua, leading to spontaneous symmetry break-

ing when a particular vacuum is selected. The figure is taken from [10].

Spontaneous symmetry breaking

The essential idea behind the Higgs mechanism is the phenomenon of spontaneous symme-
try breaking. A continuous symmetry is said to be spontaneously broken when the ground
state (vacuum) of the system does not respect the symmetry of the Lagrangian. In relativis-
tic QFT, this implies the existence of massless scalar excitations — Goldstone bosons — as
stated by Goldstone’s theorem. In a gauge theory, however, these Goldstone bosons are
“eaten” by the gauge bosons, giving them longitudinal degrees of freedom and hence mass,
without explicitly breaking gauge invariance.
In the SM, this is achieved by introducing a scalar field — the Higgs doublet — which ac-
quires a vev and spontaneously breaks the electroweak symmetry.

The Higgs sector

We consider a single complex scalar doublet field transforming under SU(2)L × U(1)Y as

ϕ =

(
ϕ+

ϕ0

)
, Yϕ = +

1
2

. (2.13)

The Higgs Lagrangian consists of a kinetic term and a scalar potential:

LHiggs = (Dµϕ)†(Dµϕ)− V(ϕ), (2.14)

where the covariant derivative is

Dµ = ∂µ + ig2Wi
µ

σi

2
+ igYBµY, (2.15)

and the scalar potential takes the form of a Mexican hat, as shown in figure 2.1:

V(ϕ) = −µ2ϕ†ϕ + λ(ϕ†ϕ)2, µ2, λ > 0. (2.16)

This potential has a degenerate circle of minima, with nonzero vev:

⟨ϕ⟩ = 1√
2

(
0
v

)
, v =

√
µ2

λ
. (2.17)
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This choice breaks the gauge symmetry

SU(2)L × U(1)Y −→ U(1)em,

where the unbroken generator corresponds to the electromagnetic charge Q = T3 + Y. The
three broken generators correspond to the would-be Goldstone bosons, which become the
longitudinal components of the W± and Z bosons.

Mass generation for gauge bosons

Expanding around the vacuum in unitary gauge, the Higgs doublet is written as

ϕ(x) =
1√
2

(
0

v + H(x)

)
, (2.18)

where H(x) is the physical Higgs field. Inserting this into the kinetic term, equation 2.1, and
rotating from the unphysical basis (W3, B) to the physical one (Z, A) yields the mass terms
for the electroweak gauge bosons:

Lmass =
1
2

( g2v
2

)2
W+

µ W−µ +
1
2

(
v
2

√
g2

2 + g2
Y

)2
ZµZµ. (2.19)

Thus, the masses of the weak bosons are

MW =
1
2

g2v, MZ =
1
2

v
√

g2
2 + g2

Y, (2.20)

while the photon Aµ, corresponding to the unbroken U(1)em, remains massless. The elec-
troweak mixing angle θW is defined by

sin θW =
gY√

g2
2 + g2

Y

, e = g2 sin θW = gY cos θW . (2.21)

Higgs interactions and mass

The scalar potential, expanded around the vev, yields:

V(H) = λv2H2 + λvH3 +
λ

4
H4, (2.22)

from which we identify the Higgs mass:

m2
H = 2λv2. (2.23)

The trilinear and quartic Higgs self-couplings follow directly from the cubic and quartic
terms.
In addition, the Higgs boson couples to the fermions via Yukawa interactions:

LYuk ⊃ −y f f Lϕ fR + h.c., (2.24)

which, after symmetry breaking, yield fermion masses:

m f =
y f v
√

2
, ⇒ y f =

√
2m f

v
. (2.25)
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These couplings are proportional to mass, explaining why the Higgs couples more strongly
to heavy fermions (e.g., the top quark).

Radiative corrections and the fine-tuning problem

While the Higgs mechanism elegantly explains the origin of electroweak symmetry breaking
and the mass generation for elementary particles, it also introduces one of the most perplex-
ing theoretical issues in the SM: the sensitivity of the Higgs mass to quantum corrections. In
particular, the mass parameter µ2 in the Higgs potential receives large radiative corrections
from loop diagrams involving virtual particles, such as top quarks, gauge bosons, and the
Higgs boson itself. These corrections are quadratically divergent in the UV:

δµ2 ∼ Λ2

16π2 , (2.26)

where Λ is the cutoff scale at which new physics is expected to appear.

If the SM is valid all the way up to the Planck scale (Λ ∼ 1019 GeV), then the bare value
of µ2 must be finely tuned to cancel the enormous loop corrections and yield the observed
Higgs mass at the electroweak scale (mH ∼ 125 GeV). This extreme sensitivity is known as
the hierarchy problem, and it suggests that the SM is incomplete.

Various BSM scenarios have been proposed to address this problem, including low-scale
supersymmetry, composite Higgs models, and theories with extra spatial dimensions. Each
introduces new dynamics or symmetries that soften the quadratic divergences and stabilize
the Higgs mass without fine-tuning. Although no such new physics has been confirmed so
far, the issue of Higgs mass naturalness remains a strong theoretical motivation for exploring
BSM physics.

Custodial symmetry and precision tests

A useful concept in analyzing the structure of the Higgs sector is custodial symmetry. In the
limit gY → 0, the Higgs potential and kinetic terms exhibit an approximate global SU(2)L ×
SU(2)R symmetry, spontaneously broken to the diagonal SU(2)V . This symmetry ensures
the tree-level relation:

ρ ≡
M2

W
M2

Z cos2 θW
= 1, (2.27)

which agrees with experimental observations at the per-mille level. Any extension of the
SM that introduces custodial symmetry breaking effects must be carefully constrained to
maintain consistency with electroweak precision tests.

Phenomenological implications

The properties of the Higgs boson directly impact a wide range of observables accessible at
particle colliders. Its couplings to fermions and gauge bosons are predicted by the SM and
scale with particle masses, making precise measurements of Higgs production and decay
rates a sensitive probe of new physics. Deviations from the SM expectations - for example,
in Higgs signal strengths or branching ratios - can reveal the presence of higher-dimensional
operators or loop effects from undiscovered particles.
The dominant Higgs production mechanism at the Large Hadron Collider (LHC) is gluon-
gluon fusion, mediated by a top-quark loop, while the main decay channels include H → bb̄,
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H → WW∗, H → ZZ∗, and H → γγ. These processes have been studied with increasing
precision, and current measurements are in good agreement with SM predictions at the 10-
20% level [11, 12].
Furthermore, the structure of the Higgs potential, specifically the Higgs self-coupling λ, is
yet to be directly measured. Accessing this coupling requires observation of Higgs pair pro-
duction, which is suppressed in the SM and remains a major experimental challenge. Any
deviation in the Higgs self-interaction would provide crucial insight into the dynamics of
electroweak symmetry breaking and could distinguish between competing scenarios, such
as the SM, supersymmetric extensions, or composite Higgs models.
Finally, the Higgs plays an essential role in electroweak baryogenesis, vacuum stability, and
naturalness arguments. Its mass and couplings determine whether the electroweak phase
transition was first order - a necessary condition for baryogenesis - and whether the Higgs
potential remains stable up to the Planck scale or becomes metastable. These considerations
make the Higgs sector a central arena for testing the validity and limitations of the SM.

Summary

The Higgs mechanism is thus not merely a convenient tool for mass generation, but a central
organizing principle of the SM. Its success rests on a subtle interplay of gauge invariance,
spontaneous symmetry breaking, and renormalizability. The discovery of the Higgs boson
at the LHC in 2012 with mass mH ≈ 125 GeV confirms the essential picture, but also opens
several questions: the smallness of the Higgs mass compared to the Planck scale (hierarchy
problem), the metastability of the electroweak vacuum, and the origin of the Yukawa struc-
ture. These open issues strongly suggest that the Higgs sector may be a portal to physics
beyond the SM - a theme that will recur in subsequent chapters.

2.1.4 Anomalies and gauge consistency

The mathematical consistency of any quantum gauge theory hinges not only on renormal-
izability and unitarity, but also on the preservation of gauge invariance at the quantum
level. In particular, the SM - as a chiral gauge theory - is potentially vulnerable to anoma-
lies: quantum mechanical violations of classical symmetries. While some anomalies, such
as global chiral anomalies in Quantum Chromodynamics (QCD), have meaningful physi-
cal implications, the presence of gauge anomalies renders a theory internally inconsistent by
breaking gauge invariance, spoiling current conservation, and obstructing the cancellation
of unphysical degrees of freedom. This makes anomaly cancellation a powerful constraint
on the fermion content of the SM and any possible extension thereof.

Classical symmetries and quantum anomalies

At the classical level, continuous symmetries of the Lagrangian lead to conserved currents
via Noether’s theorem. However, this conservation law may fail in the quantum theory. An
anomaly arises when the regularization and renormalization of loop diagrams introduce a
non-zero divergence for this current. The prototypical case involves triangle diagrams where
three gauge bosons couple to a fermion loop. If the symmetry being gauged is anomalous,
the gauge variation of the effective action fails to vanish, destroying gauge invariance and
invalidating the theory.
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This phenomenon is illustrated in the Adler-Bell-Jackiw anomaly [13, 14], where the diver-
gence of the axial current in quantum electrodynamics (QED) is:

∂µ jµ5 =
e2

16π2 ϵµνρσFµνFρσ. (2.28)

While this is acceptable for a global symmetry, it would be fatal for a gauged symmetry, such
as the hypercharge or weak isospin symmetry in the SM.

Anomaly cancellation in the SM

Let us consider three gauge bosons Aa
µ, Ab

ν, Ac
ρ coupling to a chiral fermion in some repre-

sentation R of the gauge group. The amplitude for the triangle diagram involves the trace:

Aabc ∝ TrR

(
{Ta, Tb}Tc

)
, (2.29)

where Ta are the generators of the gauge group in the representation R. For a vector-like
theory, where left- and right-handed components transform identically, the contributions
from left- and right-handed fermions cancel:

Aabc
total = Aabc

L −Aabc
R = 0. (2.30)

In chiral theories, however, these contributions do not cancel, and the resulting anomaly
must vanish as a sum over all chiral fermions in the theory.
The possible triangle anomalies in the SM arise from gauge and mixed gauge-gravity dia-
grams:

• [SU(3)c]2 × U(1)Y

• [SU(2)L]
2 × U(1)Y

• [U(1)Y]
3

• [gravity]2 × U(1)Y .

For consistency, the total contribution to each of these anomalies from all fermions must
vanish.

To see how this works, consider the first anomaly in the list above, which involves two
gluons and one hypercharge gauge boson, [SU(3)c]2 × U(1)Y. Only quark fields contribute
here, as they are the only fermions carrying color. The relevant terms involve the left-handed
quark doublet qL, and the right-handed singlets uR and dR. Including color multiplicity, the
anomaly coefficient is proportional to:

3
[

2 · 1
6
− 2

3
−
(
−1

3

)]
= 0, (2.31)

where the factor of 3 accounts for the three colors. The contributions from up-type and
down-type quarks cancel the doublet contribution, leading to a vanishing total.

Next, the [SU(2)L]
2 × U(1)Y anomaly receives contributions only from left-handed fermion

doublets. In each generation, these include three copies of the quark doublet qL, each with
hypercharge Y = 1/6, and one lepton doublet lL with Y = −1/2. The anomaly coefficient
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Anomaly Type Contributing Fermions Cancels? Remarks

[SU(3)c]2 × U(1)Y qL, uR, dR Yes Color triplet content balances

[SU(2)L]
2 × U(1)Y qL, lL Yes Quark vs lepton hypercharges

[U(1)Y]
3 All fermions Yes Precise cancellation across sectors

[U(1)Y]× Gravity2 All fermions Yes Sum of hypercharges vanishes

TABLE 2.2: Anomaly cancellation in one generation of SM fermions. Each
anomaly listed is evaluated over all left- and right-handed Weyl fermions.

is:

3 · 1
6
+ 1 ·

(
−1

2

)
= 0, (2.32)

again yielding cancellation.

The most subtle case involves the cubic hypercharge anomaly [U(1)Y]
3, where all fermions

contribute with their hypercharges cubed. The total anomaly coefficient, summing over one
generation, is:

3

[
2 ·
(

1
6

)3
+

(
2
3

)3
+

(
−1

3

)3
]
+ 2 ·

(
−1

2

)3
+ (−1)3 = 0. (2.33)

The quark and lepton contributions exactly cancel, once again confirming anomaly freedom.

Another important consistency check is the mixed gauge-gravity anomaly, where two gravi-
tons couple to a U(1)Y current. This anomaly is proportional to the sum of hypercharges of
all fermions in a generation:

3 ·
(

2 · 1
6
+

2
3
− 1

3

)
+ 2 ·

(
−1

2

)
− 1 = 0. (2.34)

This condition ensures that coupling the SM to gravity does not violate gauge invariance at
the quantum level.

The full set of anomaly cancellations in a single SM generation is summarized in Table 2.2.
Taken together, these cancellations indicate that the SM fermion content is delicately ar-
ranged to ensure anomaly cancellation. This feature is not guaranteed in arbitrary chiral
gauge theories and provides a strong constraint on any possible extension of the SM. In par-
ticular, the addition of new chiral fermions must respect these cancellation conditions. Thus,
anomaly cancellation not only ensures the consistency of the SM but also shapes the struc-
ture of viable theories beyond it. It constrains charge assignments, fermion representations,
and helps distinguish between allowed and inconsistent extensions, making it a founda-
tional tool in model building.

Vector-like fermions and anomaly evasion

One natural way to avoid introducing anomalies is to add new fermions in vector-like pairs,
since their left- and right-handed components contribute equally and oppositely to anoma-
lies. VLFs provide a robust and anomaly-safe avenue for extending the SM. By construction,
a vector-like fermion has left- and right-handed components transforming identically un-
der the gauge group. As a result, their contributions to any potentially anomalous triangle
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diagram cancel identically:

AVLF = TrL(TaTbTc)− TrR(TaTbTc) = 0. (2.35)

This cancellation occurs independently of the specific representation or hypercharge, pro-
vided that the left- and right-handed components are matched.

As mentioned previously, unlike chiral fermions, VLF can acquire gauge-invariant Dirac
mass terms without requiring electroweak symmetry breaking. For instance, a pair of SU(2)L

singlets with opposite hypercharge Y can be combined as in equation 2.12 with no involve-
ment of the Higgs field. Because of this flexibility, VLFs are often invoked in BSM scenarios
where new heavy fermions appear - such as in models with extended Higgs sectors, com-
posite dynamics, extra dimensions, or partial compositeness.
Moreover, VLFs can couple to the Higgs boson through Yukawa-like terms, and partici-
pate in loop-induced processes such as Higgs production or decay, contributing observable
signatures at colliders. Their gauge anomaly neutrality ensures that such extensions remain
consistent even at the quantum level, without the need for delicate cancellations. This makes
VLF especially appealing in phenomenological studies and model building.

Summary

Gauge and global anomalies represent essential consistency conditions for any QFT. Their
cancellation is not optional, but a necessary requirement to preserve gauge invariance, uni-
tarity, and the validity of the path integral formulation. The SM achieves anomaly cancel-
lation in a highly non-trivial way, with each generation of fermions contributing precisely
what is needed to ensure the vanishing of all gauge and mixed anomalies. This remarkable
feature has implications beyond internal consistency: it constrains how we can extend the
theory, which particles may be added, and which quantum numbers they may carry. VLF
offer an elegant path to BSM physics that avoids the complications of anomaly cancellation,
while global anomalies - such as the Witten anomaly in SU(2) - impose more subtle, topolog-
ical constraints. Furthermore, anomaly matching conditions and anomaly inflow arguments
play a crucial role in understanding strongly coupled dynamics and UV completions. Taken
together, anomalies form a powerful theoretical toolset. They illuminate the deep structure
of QFT, link global and local symmetries, and tightly constrain the space of possible exten-
sions to the SM.

2.1.5 Lepton Flavor Universality and anomalies in B decays

A key prediction of the SM is the universality of lepton couplings to gauge bosons. This
principle, known as Lepton Flavor Universality (LFU), asserts that – apart from differences
due to lepton masses – all charged leptons should interact identically with the weak and
electromagnetic interactions. LFU can be tested in flavor physics by measuring ratios of
decay rates involving different lepton flavors, especially in semileptonic B decays. Over
the past decade, several such measurements have shown deviations from SM expectations,
prompting significant interest in the possibility of new physics.

One of the most discussed LFU tests involves the neutral-current decays b → sℓ+ℓ−, where
ℓ = e, µ. In the SM, the decay rates to electrons and muons are predicted to be nearly equal,
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up to tiny mass corrections. This can be tested by measuring the ratios:

RK =
B(B+ → K+µ+µ−)

B(B+ → K+e+e−)
, RK∗ =

B(B0 → K∗0µ+µ−)

B(B0 → K∗0e+e−)
, (2.36)

where B denotes the branching ratio. The SM predicts RK ≈ RK∗ ≈ 1 with high precision in
the low dilepton invariant mass region.
In 2014 and 2017, the LHCb Collaboration reported measurements indicating RK < 1 and
RK∗ < 1, with deviations from the SM at the level of 2.5σ–3.0σ [15, 16]. These anomalies
sparked a wave of theoretical activity proposing new physics scenarios, including Z′ bosons,
leptoquarks, and effective operators violating LFU.

The situation changed significantly with LHCb’s updated analysis in 2022, based on the full
Run 1 and 2 datasets [17]. The revised measurements were:

RK = 0.994+0.074
−0.063, RK∗ = 0.927+0.093

−0.087, (2.37)

both consistent with the SM within 1σ uncertainties. These results have substantially weak-
ened the earlier hints of LFU violation in b → sℓ+ℓ− transitions. Global fits to EFT operators
now find no significant preference for LFU-violating new physics in these modes [18, 19].

While earlier tensions in RK and RK∗ played a central role in motivating new physics models,
the most recent results suggest that these anomalies may have been statistical fluctuations or
affected by underestimated hadronic uncertainties. Nevertheless, LFU remains a powerful
probe of BSM physics, and upcoming measurements from LHCb’s Run 3 and Belle II are
expected to further clarify the situation.

2.1.6 The SM as an effective field theory

While the SM has proven extraordinarily successful in describing a wide range of particle
interactions, it is widely regarded as an EFT: a low-energy approximation of a more complete
theory valid at higher energy scales. This perspective is supported by both theoretical and
phenomenological considerations, including the absence of gravitational interactions, the
hierarchy problem, neutrino masses, and dark matter.
In EFT language, the SM captures the relevant degrees of freedom and symmetries up to a
cutoff scale Λ, beyond which new physics is expected to emerge. Below that scale, any heavy
particles or interactions can be “integrated out,” and their effects encoded through higher-
dimensional operators composed of SM fields. These operators are suppressed by powers
of 1/Λ, making their impact most noticeable in high-precision or high-energy experiments:

Leff = LSM + ∑
i

C(5)
i
Λ

O(5)
i + ∑

i

C(6)
i

Λ2 O(6)
i + · · · . (2.38)

This extended Lagrangian is known as the Standard Model Effective Field Theory (SMEFT) [20,
21]. The first correction beyond the renormalizable SM terms appears at dimension five,
with the unique Weinberg operator:

O5 = (l̄c
L · ϕ̃)(ϕ̃T · lL), (2.39)
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which generates Majorana masses for neutrinos upon electroweak symmetry breaking. At
dimension six, a much larger set of operators arises, many of which can contribute to Higgs
couplings, electroweak observables, or flavor-changing processes.
Since the EFT formalism will be used in chapter 5, it is important to comment on how SMEFT
offers a powerful and gauge-invariant way to:

• Parameterize generic deviations from SM predictions.

• Quantify the indirect impact of BSM physics without committing to a specific UV
model.

• Connect observables across different energy regimes through renormalization group
running and matching.

From a model-building perspective, the SMEFT acts as a common language: once a concrete
BSM model is proposed (e.g., one with heavy VLF, extended Higgs sectors, or extra gauge
bosons), it can be matched onto SMEFT operators. These in turn can be constrained by ex-
perimental data, particularly from precision tests and rare processes. Even in the absence of
observed new particles, tight limits on the Wilson coefficients C(d)

i provide valuable infor-
mation on the possible structure and energy scale of BSM physics.

In summary, viewing the SM as an EFT underscores its provisional status in the hierarchy
of physical theories. It also motivates the use of EFT techniques, such as SMEFT, as a bridge
between well-measured low-energy observables and speculative high-energy extensions of
the SM.

2.2 Renormalization Group

The RG is a central framework in QFT that captures how the parameters of a theory – such as
coupling constants, masses, and wavefunction normalizations – evolve with the energy scale
at which physical processes are probed. This scale dependence arises because quantum fluc-
tuations at different momentum scales contribute differently to physical observables, and
regularization techniques (such as dimensional regularization) introduce an auxiliary energy
scale µ to handle UV divergences. While physical observables must remain independent
of µ, the individual terms in the Lagrangian typically acquire explicit µ-dependence after
renormalization. This leads to the concept of running couplings, whose scale dependence is
governed by differential equations called the renormalization group equations (RGEs). For
a generic coupling g(µ), we define the β-function:

µ
dg
dµ

= β(g), (2.40)

which encodes how g evolves under changes in the renormalization scale. The sign and
magnitude of β(g) determine whether the coupling grows, decreases, or flows toward a
fixed value in the UV or infrared.
From a practical perspective, the RG allows for the resummation of logarithmic divergences
in perturbative expansions and helps to improve the convergence of perturbation theory
(PT) in processes involving widely separated energy scales. More fundamentally, it provides
a window into the underlying structure of quantum field theories, exposing deep insights
into universality, critical behavior, and the emergence of effective field theories at different
scales.
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To better understand how scale dependence enters physical predictions, it is useful to first
review how perturbative calculations are organized in QFT. In particular, we are interested in
how loop corrections modify bare parameters and how renormalization reabsorbs infinities
into redefinitions of the couplings. This will allow us to identify the origin of the scale
dependence and introduce the machinery required to compute β-functions.
After this general discussion, we will apply these ideas to a simple but illustrative case:
a real scalar field theory with quartic self-interaction, commonly referred to as ϕ4 theory.
This model is perturbatively renormalizable in four spacetime dimensions and serves as a
pedagogical example for studying the running of couplings. By computing the one-loop cor-
rection to the four-point function, we will extract the β-function for the quartic coupling λ,
observe its logarithmic running, and highlight the appearance of a Landau pole – a hallmark
of triviality in the UV.
Such behavior contrasts with other field theories, like non-Abelian gauge theories, where
the β-function can be negative, leading to asymptotic freedom: the coupling vanishes loga-
rithmically at high energies, allowing the theory to remain perturbative in the UV. These
distinctions motivate a broader classification of RG behavior based on the structure of fixed
points, which we will revisit in the context of non-perturbative RG flows later in this chapter
and in more detail in Chapter 4.
In this way, the RG not only offers a computational tool for handling divergences, but also
provides deep insight into the structure of QFTs across energy scales. It is a cornerstone
in constructing effective field theories, understanding phase transitions, and exploring the
viability of models as fundamental or effective descriptions of nature.

2.2.1 Perturbation Theory

The modern formulation of QFT is based on the path integral, in which physical observables
are computed as weighted averages over all possible field configurations. For a scalar field
theory, for instance, the generating functional is given by

Z[J] =
∫

Dϕ ei
∫

d4x(L[ϕ]+J(x)ϕ(x)), (2.41)

where L[ϕ] is the Lagrangian density of the theory and J(x) is an external source used to
generate correlation functions. In principle, all correlation functions and scattering ampli-
tudes can be derived from this functional by taking functional derivatives with respect to
J(x).
However, except for free (non-interacting) theories, the path integral cannot be computed
exactly. To make progress, we typically split the Lagrangian into a solvable quadratic (free)
part and a small interaction term:

L[ϕ] = L0[ϕ] + Lint[ϕ], (2.42)

and expand the path integral perturbatively as a series in the interaction Lagrangian:

Z[J] =
∫

Dϕ eiS0[ϕ]

(
1 + i

∫
d4x Lint +

(i)2

2!

(∫
d4x Lint

)2
+ · · ·

)
ei
∫

d4x J(x)ϕ(x), (2.43)

where S0[ϕ] is the action associated to the free Lagrangian, L0[ϕ]. This is the essence of
PT: an expansion in powers of the coupling constant(s), where each term corresponds to
increasingly complex interactions.
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(A) Tree-level diagram (B) One-loop diagram

FIGURE 2.2: Examples of a tree-level diagram (a) and a one-loop correction
(b) in a generic QFT. Loop diagrams account for quantum fluctuations and

typically lead to divergent integrals.

Applying Wick’s theorem to this expansion yields the Feynman rules of the theory, with each
term corresponding to a specific Feynman diagram. These diagrams are a convenient way to
organize the terms in the expansion and to compute physical quantities. The diagrams with
no closed loops, known as tree-level diagrams, represent the leading-order contributions and
correspond directly to classical processes, cf. Figure 2.2(a). Quantum effects enter through
diagrams containing closed loops, which arise at higher orders in the expansion and encode
the effects of virtual particles and quantum fluctuations, cf. Figure 2.2(b). These loop diagrams
give rise to corrections to masses, couplings, and scattering amplitudes, and are responsible
for phenomena such as running couplings and anomalous dimensions.

Loop integrals are often divergent and must be regularized and renormalized. In this pro-
cess, infinities are absorbed into redefinitions of physical parameters, such as masses and
coupling constants, resulting in finite, physically meaningful predictions. The appearance
of divergences is not a flaw but a reflection of the scale-dependent nature of quantum field
theories, which is precisely what the renormalization group formalism addresses.
Despite its predictive power, PT has fundamental limitations. It is fundamentally an ex-
pansion around the non-interacting theory and is valid only when the coupling constants
are small. In many important physical contexts, however, this condition breaks down. For
instance:

• In QCD, the strong coupling becomes large at low energies, rendering perturbative
methods ineffective in the infrared.

• Critical phenomena near phase transitions involve divergent correlation lengths and
require resummation or non-perturbative techniques.

• Certain UV completions of the Standard Model may feature non-trivial fixed points or
strong dynamics that cannot be captured within a perturbative framework.

Moreover, PT often fails to capture non-analytic phenomena, such as confinement, instan-
tons, or tunneling effects, which are inherently non-perturbative. These limitations motivate
the search for alternative methods capable of probing the structure of quantum field theories
beyond the perturbative regime. We will talk more in details about this in section 2.2.4.

In the next section, we illustrate how PT is used to compute scale dependence in a sim-
ple model – the ϕ4 scalar theory – and derive the associated renormalization group equa-
tions. This concrete example sets the stage for a broader discussion on the energy depen-
dence of couplings, and it later serves as a benchmark for comparing perturbative and non-
perturbative approaches.
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(A) (B) (C)

FIGURE 2.3: One-loop corrections to the four-point function in ϕ4 theory.
The three Feynman diagrams correspond to the s-, t-, and u-channel con-
tributions, from left to right. Each diagram involves a loop with two internal
propagators, representing the quantum corrections that contribute to the run-

ning of the quartic coupling λ.

2.2.2 An example: the scalar theory at 1-Loop

Having introduced the principles and limitations of PT, we now turn to a concrete example
that illustrates how quantum corrections are computed and how they affect the scale de-
pendence of physical parameters. A paradigmatic case is the real scalar field theory with
a quartic self-interaction – often referred to as ϕ4 theory – which provides a minimal yet
instructive setup to explore renormalization and the RG equations in action.
We consider a real scalar field theory in four spacetime dimensions with the following La-
grangian:

L =
1
2
(∂µϕ)2 − 1

2
m2ϕ2 − λ

4!
ϕ4, (2.44)

where λ is the dimensionless coupling constant. This theory is renormalizable and provides
a simple context in which to understand scale dependence and running couplings.

The running of the coupling λ can be derived from the 1-loop corrections to the 4-point
function. At one loop, three diagrams contribute - the s-, t-, and u-channel "fish" diagrams,
as shown in figure 2.3.
Each diagram represents a one-loop correction with two internal propagators forming a loop
and external legs connected according to the Mandelstam channels. All three diagrams yield
the same divergence structure due to crossing symmetry.
Let us compute the amplitude of one of these diagrams (say, the s-channel) to extract the
divergent part. The relevant expression in dimensional regularization (in d = 4 − ε) is:

A(1)
s = −i

λ2

2

∫ ddk
(2π)d

1
(k2 − m2)[(k + p)2 − m2]

, (2.45)

where the factor of 1/2 accounts for identical particles in the loop. This integral yields a
logarithmic divergence in d = 4, and the divergent part evaluates to:

A(1)
s

∣∣∣
div

= −i
λ2

32π2

(
2
ε
+ finite

)
. (2.46)

Including the t- and u-channel diagrams gives a total divergent contribution:

A(1)
total = −i

3λ2

32π2

(
2
ε
+ finite

)
. (2.47)
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To cancel the divergence, a counterterm δλ is introduced in the renormalized Lagrangian:

λ0 = µε (λ + δλ) , (2.48)

where µ is the renormalization scale introduced to keep λ dimensionless in d ̸= 4. In the MS
scheme, the counterterm absorbs only the pole part:

δλ = − 3λ2

16π2ε
. (2.49)

The RGE for the running coupling follows from the requirement that the bare coupling λ0 is
independent of µ:

µ
dλ0

dµ
= 0 ⇒ µ

dλ

dµ
= β(λ), (2.50)

with

β(λ) = µ
dλ

dµ
=

3λ2

16π2 +O(λ3). (2.51)

This positive β function implies that the quartic coupling λ increases with energy. Solving
the RG equation yields

λ(µ) =
λ(µ0)

1 − 3λ(µ0)

16π2 log
(

µ

µ0

) , (2.52)

where the boundary condition λ(µ0) signifies that we must be provided – for example
through an experiment – with the value of the coupling constant at the energy scale µ0 to be
able to predict its value at any energy scale. As the energy scale µ increases, the denominator
eventually vanishes at a finite value:

µLP ≡ µ0 exp
(

16π2

3λ(µ0)

)
, (2.53)

signaling a breakdown of the perturbative description - the so-called Landau pole. This phe-
nomenon suggests that the theory becomes strongly coupled and non-predictive at high
energies, unless new physics intervenes before reaching µLP. In fact, in the limit µLP → ∞,
the only way to keep λ(µ) finite at all scales is to set λ(µ0) → 0. This indicates that the
interacting theory becomes trivial in the UV - a behavior known as triviality. For this reason,
ϕ4 theory in d = 4 is often regarded as an EFT valid only up to a finite cutoff.

2.2.3 Renormalization of the SM at 1-loop

The scale dependence of the SM coupling constants, governed by the renormalization group,
is one of the central predictive tools of QFT. Unlike the scalar ϕ4 theory, in which the coupling
diverges in the UV, the SM contains gauge interactions with qualitatively different behavior.
Let us recall that the gauge sector of the SM consists of three coupling constants: gY, g2,
and g3, corresponding respectively to the gauge groups U(1)Y, SU(2)L, and SU(3)c. The
renormalization group equations for these couplings are:

µ
dgi
dµ

= βi(gi) =
bi

(4π)2 g3
i +O(g5

i ), (2.54)

where the bi are constants determined by the particle content of the theory and the group
representations under which the fields transform. In the SM, the one-loop coefficients are
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FIGURE 2.4: The asymptotic behavior of the hypercharge (on the left) and
the color (on the right) gauge couplings of the SM. The hypercharge coupling
goes to zero in the low energy limit, and has a Landau pole at high energy.
The color gauge coupling has the opposite behavior: it goes to zero in the
high energy limit, which is what is called asymptotic freedom and and grows
large in the infrared. This strong coupling regime is associated with confine-

ment and non-perturbative QCD dynamics.

given by:

bY =
41
6

, b2 = −19
6

, b3 = −7. (2.55)

The positive sign of bY indicates that the hypercharge coupling gY increases with energy -
analogous to the Landau pole behavior seen in ϕ4 theory. In contrast, the negative values of
b2 and b3 imply that the SU(2)L and SU(3)c couplings decrease at high energies, a feature
known as asymptotic freedom.

The running of these couplings can be plotted as a function of the energy scale µ, starting
from their experimentally determined values at low energy (e.g. at the Z-boson mass scale,
µ = MZ). At one-loop level, the solutions take the form:

α−1
i (µ) = α−1

i (µ0)−
bi
2π

log
(

µ

µ0

)
, (2.56)

with αi = g2
i /(4π). These expressions reveal that the couplings evolve logarithmically with

energy. A schematic example of the running of gY and g3 is shown in figure 2.4.

In what follows, we discuss three important consequences of SM renormalization group
flow: asymptotic freedom in QCD, the possibility of gauge coupling unification, and the
implications for Higgs vacuum stability.

Asymptotic freedom.

The phenomenon of asymptotic freedom is a defining feature of non-Abelian gauge theories,
most notably QCD. It refers to the property that the gauge coupling becomes weaker at
higher energies, implying that quarks and gluons interact more weakly when probed at
short distances. This behavior was first discovered in 1973 by Gross and Wilczek [22] and
Politzer [23], earning them the Nobel Prize in Physics in 2004.
Mathematically, asymptotic freedom arises from the structure of the one-loop β function in
a non-Abelian Yang-Mills theory with n f fermions:

β(g) = − g3

(4π)2

(
11
3

C2(G)− 4
3

T(R)n f

)
, (2.57)
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where C2(G) is the quadratic Casimir of the adjoint representation, T(R) is the trace normal-
ization of the fermion representation, and n f is the number of active flavors at a given scale.
For QCD, C2(G) = N = 3, and T(R) = 1/2 for fundamental quarks, leading to

βg3 = −
g3

3
(4π)2

(
11 − 2

3
n f

)
. (2.58)

As long as n f < 16.5, the coefficient of the beta function remains positive, and the strong cou-
pling g3 decreases logarithmically with increasing energy - the hallmark of asymptotic free-
dom. This UV behavior justifies the use of PT at high energies, as is done in the analysis of
hard scattering processes at colliders like the LHC. Conversely, in the infrared (low-energy)
regime, the coupling grows large, and non-perturbative phenomena like confinement and
chiral symmetry breaking dominate. Importantly, asymptotic freedom is not a generic fea-
ture of all gauge theories. Abelian gauge theories like QED, whose one-loop β function is
positive, exhibit Landau pole behavior instead. The contrast between QED and QCD under-
scores the essential role of the non-Abelian gauge structure in enabling asymptotic freedom
– a feature intimately tied to the self-interactions of the gauge bosons.

Gauge coupling unification.

A striking consequence of the renormalization group flow in the SM is the logarithmic run-
ning of the three gauge couplings associated with the U(1)Y, SU(2)L, and SU(3)c gauge
groups. When extrapolated to high energies using the RGEs, these couplings approach one
another, although they do not meet exactly at a single point. This near-convergence sug-
gests the tantalizing possibility that the SM gauge interactions might be unified into a single
gauge symmetry at very high energy - an idea that forms the foundation of Grand Unified
Theories.

The basic premise of a GUT is that the three SM gauge groups are embedded into a larger
simple group, such as SU(5) [24], SO(10) [25], or E6 [26]. At some high unification scale
µGUT, these groups break spontaneously to the SM gauge group. Above this scale, a single
unified gauge coupling governs all gauge interactions, and the distinct SM couplings arise
from symmetry breaking and threshold corrections at µGUT.
In the minimal (non-supersymmetric) SM, the couplings come close but fail to unify pre-
cisely when evolved using the one-loop RGEs. This mismatch can be attributed to the spe-
cific matter content of the SM, which determines the β function coefficients and hence the
relative slopes of the running couplings. The discrepancy becomes apparent when plotting
gY(µ), g2(µ), and g3(µ) as functions of log µ, as shown in figure 2.5: while they approach
each other around 1014 GeV, they do not meet at a single point.
This near-miss motivates the extension of the SM to include additional matter content that
modifies the RG running. A well-known example is the Minimal Supersymmetric Standard
Model (MSSM), in which the presence of superpartners significantly alters the β function
coefficients above the supersymmetry breaking scale. Remarkably, in the MSSM, the three
gauge couplings do unify at a common scale µGUT ∼ 2 × 1016 GeV, consistent with proton
decay bounds and gauge-mediated neutrino mass generation [27, 28]. This observation is
often cited as one of the key indirect motivations for low-energy supersymmetry.

Gauge unification is not merely aesthetically appealing; it offers predictive power. GUTs
often relate fermion masses and mixing angles, explain charge quantization, and predict
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FIGURE 2.5: The running of the gauge couplings of the SM across many
scales. Notice how at approximately ∼ 1014 GeV the three gauge couplings

approach a common value, though they do not exactly unify.

baryon number violating processes such as proton decay. These features impose phenomeno-
logical constraints and connect high-scale physics to observable low-energy effects. Nonethe-
less, GUTs also face challenges. The precise value of the unification scale must be compati-
ble with current limits on proton lifetime, and the breaking of the unified group must avoid
problematic remnants like monopoles or excessive flavor violation. Moreover, threshold ef-
fects from unknown heavy states at the GUT scale can influence the apparent unification
point, introducing model dependence into the interpretation of coupling unification.

In summary, the approximate convergence of the SM gauge couplings at high energies is a
powerful hint toward unification and a guiding principle for model-building beyond the SM.
Whether unification is realized in nature remains an open question, but the renormalization
group flow offers a crucial window into this deep structural possibility.

Vacuum stability and the running Higgs quartic.

The renormalization group flow of the Higgs self-coupling λ plays a pivotal role in deter-
mining the fate of the electroweak vacuum at high energies. While the vev of the Higgs field
sets the scale of electroweak symmetry breaking, the potential’s shape at large field values
is controlled by λ(µ), whose evolution is highly sensitive to both the top Yukawa coupling
and the gauge sector. At tree level, the Higgs potential is given by

V(H) = −µ2H† H + λ(H†H)2, (2.59)

with λ > 0 ensuring a stable vacuum at low energies. However, quantum corrections mod-
ify the effective potential at large field values, and the RG-improved potential can develop
an instability if λ(µ) turns negative at some high scale µ > v, where v ≃ 246 GeV is the
electroweak scale.

The one-loop β function for λ, includes contributions from self-interactions, gauge boson
loops, and the top quark Yukawa coupling. The latter dominates due to the large value of
yt, and tends to drive λ downward:

β
(1)
λ =

1
(4π)2

[
24λ2 − 6y4

t +
3
8

(
2g4

2 + (g2
2 + g2

Y)
2
)
− 3λ

(
3g2

2 + g2
Y − 4y2

t

)]
. (2.60)
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FIGURE 2.6: (Left) Stability phase diagram of the SM, derived from the run-
ning of the effective Higgs quartic coupling. The red region corresponds to an
unstable vacuum, the yellow to a metastable one, and the green to absolute
stability. The point with error bars represents the current experimental val-
ues of the top quark and Higgs boson masses. Red dashed contours indicate
the energy scale (in GeV) at which the Higgs quartic coupling λ crosses zero.
Figure adapted from Ref. [30]. (Right) Renormalization group evolution of
the Higgs quartic coupling in the SM. The plot shows the scale dependence

of λ based on current input parameters. Figure taken from Ref. [29].

Higher-loop corrections are also important and are known up to three loops in the MS
scheme [29, 30].

Numerical studies incorporating the measured values of the Higgs mass mH ≈ 125.1 GeV
[31] and the top mass mt ≈ 173 GeV show that λ(µ) decreases with energy and becomes
negative at a scale around 1010-1011 GeV, depending sensitively on mt and αs. This implies
that the electroweak vacuum is not the global minimum of the effective potential, but rather
a metastable local minimum. The stability of the Higgs potential is shown in figure 2.6.

In a metastable scenario, the lifetime of the vacuum is longer than the age of the Universe,
and there is no immediate inconsistency with observations. The probability of quantum
tunneling to the true vacuum is exponentially suppressed by the bounce action associated
with the Higgs potential barrier. The current best-fit values place the SM in a narrow region
of parameter space where vacuum decay is possible in principle, but extremely unlikely in
practice. This result is highly nontrivial: the fact that the Higgs mass lies near the bound-
ary between absolute stability and metastability may point toward some deeper principle or
fine-tuning in the early Universe. Various BSM scenarios, including scalar extensions, su-
persymmetry, and seesaw models for neutrino masses, can shift the running of λ and restore
vacuum stability.

The vacuum stability analysis highlights the extraordinary reach of the RG: it allows us
to extrapolate from electroweak scale measurements to make meaningful statements about
field configurations at energies near the Planck scale. Whether the SM remains consistent up
to such scales or requires new physics for vacuum stability is still an open question - but one
where RG methods provide the essential diagnostic.
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Running of the Yukawa couplings

In addition to the gauge and scalar sectors, the SM contains Yukawa interactions that give
rise to fermion masses after electroweak symmetry breaking. These couplings, which en-
code the interaction strength between fermions and the Higgs field, also evolve with energy
scale under the renormalization group. Among them, the top quark Yukawa coupling yt is
the dominant one due to the large mass of the top quark, and it plays a central role in the
renormalization group flow of the Higgs quartic coupling and the vacuum stability of the
SM. At one-loop level, the renormalization group equation for the top Yukawa coupling is
given by:

β
(1)
yt = µ

dyt

dµ
=

yt

(4π)2

(
9
2

y2
t −

17
12

g2
Y − 9

4
g2

2 − 8g2
3

)
. (2.61)

This equation reflects the competing effects of different interactions: the self-enhancing con-
tribution from the Yukawa term y3

t , and the screening effects from gauge boson loops.
Numerical integration of the RGE shows that, in the SM, the top Yukawa coupling decreases
with energy and approaches zero asymptotically – a behavior reminiscent of asymptotic
freedom. This occurs because the negative contributions from the gauge couplings domi-
nate the running at high scales, particularly from QCD (the term proportional to g2

3). Hence,
the Yukawa sector is asymptotically free in the SM. This behavior has several consequences.
First, it implies that the Yukawa interactions become negligible at very high energies, effec-
tively decoupling from the dynamics. Second, it ensures that the theory remains perturba-
tive up to the Planck scale in the Yukawa sector, as long as the initial value of yt is not too
large. This is consistent with the measured top quark mass, which places yt ∼ 0.93 at the
electroweak scale.

In contrast to scalar ϕ4 theory, which exhibits a Landau pole and becomes strongly cou-
pled in the UV, the Yukawa sector of the SM remains well-behaved. This suggests that the
fermionic sector, unlike the scalar one, does not require a UV completion from the perspec-
tive of perturbative consistency. The running of yt is critical for determining the behavior
of the Higgs quartic coupling λ(µ), especially because the y4

t term appears with a negative
sign in βλ, cf. equation 2.60, tending to drive λ toward negative values at high scales. This
sensitivity makes precise determinations of the top mass, mt, and the strong coupling con-
stant, α3, vital for vacuum stability analyses.

Although lighter fermion Yukawa couplings are much smaller and their contributions to RG
flow are negligible in practice, they do run as well. For a general Dirac fermion with Yukawa
coupling y f , the one-loop β function is:

β
(1)
y f = µ

dy f

dµ
=

y f

(4π)2

(
3
2

y2
f − C f

)
, (2.62)

where C f is a positive coefficient that depends on the gauge quantum numbers of the fermion.
As in the top quark case, this leads to a decrease of the Yukawa coupling at higher energies,
though the effect is numerically negligible for the first and second generation fermions.
In extensions of the SM, such as supersymmetric models or theories with extended scalar
sectors, the structure and running of Yukawa couplings can be drastically different, some-
times even playing a role in flavor symmetry breaking or radiative mass generation. How-
ever, even within the SM, the top Yukawa coupling stands out as a key parameter that
bridges the electroweak and UV dynamics.
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2.2.4 When perturbation theory fails

As discussed in Section 2.2.1, PT is a central computational tool in QFT, built upon expand-
ing the path integral around a solvable free theory. This expansion yields a series of Feyn-
man diagrams ordered by loop number, with tree-level diagrams corresponding to classical
processes and loop diagrams encoding quantum corrections. The success of this method is
evident in countless applications across particle physics, including the precision predictions
of electroweak observables and high-energy collider processes within the SM. However, the
utility of PT is fundamentally limited to regimes where the expansion parameter – the cou-
pling constant – remains small. In Section 2.2.2, we illustrated how even a simple theory
such as ϕ4 scalar field theory reveals the shortcomings of PT in the UV: the one-loop beta
function for the quartic coupling is positive, leading to a Landau pole at a finite scale. This
signals a breakdown of the theory and suggests that ϕ4 theory must be treated as an effective
theory, valid only below some physical cutoff. Similar concerns arise in the SM, as discussed
in Section 2.2.3, where the hypercharge coupling gY exhibits a Landau pole, and the Higgs
quartic coupling λ may run negative at high energies, jeopardizing vacuum stability.

These examples already hint at the intrinsic limits of perturbative reasoning. In QCD, for
instance, the strong coupling g3 becomes large in the infrared – a fact reflected in its neg-
ative beta function and the phenomenon of asymptotic freedom. While this behavior jus-
tifies PT at high energies, it renders it ineffective at low energies, where confinement, chi-
ral symmetry breaking, and hadron formation dominate. These are quintessentially non-
perturbative effects that cannot be accessed by any finite-order expansion. Moreover, PT
systematically misses non-analytic phenomena such as instantons, solitons, and tunneling
transitions. These contribute to amplitudes with weights like e−1/g2

, which vanish in the
perturbative limit and are thus invisible to the series expansion. They play an essential role
in contexts ranging from anomaly matching and symmetry breaking to the baryon asym-
metry of the Universe. As such, a complete understanding of QFT – especially in strongly
coupled regimes or at high scales – demands tools that go beyond PT.

Several non-perturbative approaches have been developed to fill this gap. Lattice field the-
ory, for example, provides a rigorous formulation of QFT in Euclidean space and allows for
ab initio numerical simulations, though it faces limitations in treating real-time dynamics,
chiral fermions, or gauge-fixed frameworks. Schwinger-Dyson equations offer a continuum
approach based on exact integral relations among Green’s functions, but rely on truncation
schemes that are difficult to systematically improve.
A particularly powerful and flexible method is the FRG, which generalizes the ideas intro-
duced in Section 2.2 and reformulates the RG flow in terms of an exact functional differ-
ential equation. Unlike traditional perturbative approaches, the FRG tracks the evolution
of the effective action itself across momentum scales and does not assume small couplings.
This makes it ideally suited for exploring non-perturbative phenomena, characterizing fixed
points, and constructing UV completions of quantum field theories.

In Chapter 4, we will employ the FRG to study the high-energy behavior of gauge-Yukawa
theories with VLF, including the existence of non-trivial fixed points that render these mod-
els asymptotically safe. Before delving into those applications, we now provide a dedicated
introduction to the FRG formalism, outlining its conceptual basis and its relevance to mod-
ern QFT.
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2.2.5 Functional Renormalization Group

As highlighted in the previous discussion, perturbative techniques are limited in their abil-
ity to capture strongly coupled phenomena or resum contributions beyond finite-loop order.
To overcome these limitations, non-perturbative frameworks are required. One of the most
versatile among them is the FRG, which extends the Wilsonian renormalization group to the
level of the quantum effective action [32, 33].

At the heart of the FRG is the concept of the Effective Average Action (EAA), denoted Γk[ϕ],
which describes the dynamics of quantum fields as a function of a sliding infrared (IR) scale
k. As k decreases from some UV scale toward zero, quantum fluctuations are integrated out
progressively. This construction provides an interpolation between the bare (classical) action
S at high energies and the full quantum effective action Γ[ϕ] at low energies:

lim
k→∞

Γk[ϕ] = S[ϕ], lim
k→0

Γk[ϕ] = Γ[ϕ]. (2.63)

To achieve this scale separation, one modifies the standard path integral by introducing a
regulator function Rk(p2) that suppresses the contribution of low-momentum modes below
the scale k. The modified partition function becomes:

Zk[J] =
∫

Dφ e−S[φ]−∆Sk [φ]+
∫

ddxJφ, (2.64)

where the regulator term ∆Sk[φ] takes the form:

∆Sk[φ] =
1
2

∫
ddx φ(x)Rk(−∂2)φ(x). (2.65)

The regulator function Rk effectively provides a momentum-dependent mass to the fluctu-
ations, ensuring that the flow is infrared finite. From Zk[J], the EAA is defined through a
modified Legendre transform:

Γk[ϕ] = sup
J

(∫
ddx J(x)ϕ(x)− Wk[J]

)
− ∆Sk[ϕ], (2.66)

where Wk[J] = log Zk[J] is the generating functional of connected Green’s functions, and
ϕ = ⟨φ⟩ denotes the classical field expectation value.
A key strength of the FRG approach is that it admits an exact functional differential equation
describing the scale dependence of the EAA, the so-called Wetterich equation [32]:

∂tΓk[ϕ] =
1
2

Tr
[(

Γ(2)
k [ϕ] + Rk

)−1
∂tRk

]
, (2.67)

where t = log(k/k0), and Γ(2)
k [ϕ] denotes the second functional derivative of the EAA with

respect to the fields:

Γ(2)
k [ϕ](x, y) =

δ2Γk[ϕ]

δϕ(x)δϕ(y)
. (2.68)

The flow equation (2.67) encodes all quantum corrections in a compact, one-loop exact form.
This structure facilitates non-perturbative approximation schemes since all contributions
from quantum fluctuations are manifestly organized by the scale parameter k. Crucially,
despite its one-loop appearance, Eq. (2.67) is exact, incorporating all loops and interactions
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through the functional dependence of Γ(2)
k .

Although the Wetterich equation is exact, solving it exactly is generally infeasible due to
its infinite-dimensional nature. Practical implementations typically rely on systematic trun-
cation schemes, which reduce the infinite space of possible actions to a finite-dimensional
subspace. Common truncation methods include the derivative expansion, vertex expansion,
and background field expansions. The derivative expansion, for instance, involves expand-
ing Γk in terms of derivatives of the fields and truncating the expansion at a certain order.
Vertex expansions, on the other hand, truncate the hierarchy of equations for correlation
functions at a certain number of external legs. These methods have proven highly effective
in various physical contexts.

One significant advantage of the EAA framework is its natural connection with perturbation
theory. Consider the perturbative expansion of the EAA around a classical background ϕ:

Γk[ϕ] = S[ϕ] +
1
2

Tr log
(

δ2S[ϕ]
δϕδϕ

+ Rk

)
+ . . . (2.69)

This expression resembles the standard one-loop effective action but now explicitly incor-
porates the regulator term Rk. Thus, perturbation theory emerges naturally when the scale-
dependent functional integral is expanded around a saddle point.
Expanding further, one obtains a systematic loop expansion:

Γk[ϕ] = S[ϕ] +
1
2

Tr log
(

S(2)[ϕ] + Rk

)
− 1

12
Tr
[(

S(2)[ϕ] + Rk

)−1
S(3)[ϕ]

]2
+ . . . (2.70)

where the regulator Rk ensures that all integrals are IR-finite. Higher-loop corrections can be
generated systematically, but the FRG also provides access to resummed or strongly coupled
regimes that go beyond perturbative expansions.

As we will see in Chapter 4, the FRG plays a central role in studying QFTs with many cou-
plings, fixed-point structures, and asymptotic safety scenarios. Its ability to bridge pertur-
bative and non-perturbative physics makes it an essential tool in modern QFT.

2.3 The need for physics beyond the SM

Despite its remarkable predictive power and experimental success, the SM is widely re-
garded as an effective low-energy theory, valid only up to some high-energy cutoff. While
it provides a consistent and accurate description of known particle interactions (excluding
gravity), several empirical observations and theoretical limitations point compellingly to-
ward the existence of new physics beyond its scope. Below we summarize the most pressing
motivations for extending the SM.

The Hierarchy Problem

As discussed in details in section 2.1.3, one of the most significant theoretical challenges
in the SM is the hierarchy problem, which concerns the stability of the electroweak scale
against radiative corrections. The mass of the Higgs boson receives quadratically divergent
contributions from quantum loops involving the top quark, electroweak gauge bosons, and
the Higgs itself. These corrections scale as δm2

H ∼ Λ2, where Λ is the energy scale at which
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new physics enters. If Λ is taken to be close to the Planck scale (MPl ∼ 1019 GeV), an ex-
treme fine-tuning of parameters is required to maintain the observed Higgs mass near 125
GeV. This tension suggests the need for a stabilizing mechanism. Proposed solutions include
low-scale supersymmetry [34], composite Higgs models [35], and extra-dimensional sce-
narios [36], each introducing new degrees of freedom that soften or cancel the dangerous
quadratic divergences.

Dark Matter

Multiple lines of astrophysical and cosmological evidence point to the existence of dark mat-
ter – a form of matter that interacts gravitationally but not (or extremely weakly) via elec-
tromagnetic or strong forces. Observations such as galactic rotation curves, gravitational
lensing, the dynamics of galaxy clusters, and the Cosmic Microwave Background require
a non-luminous, non-baryonic matter component that comprises roughly 27% of the Uni-
verse’s energy density. The SM does not contain a viable dark matter candidate: neutrinos
are too light and too hot to account for the observed structure formation. This motivates
a rich array of BSM possibilities, including Weakly Interacting Massive Particles [37], ax-
ions [38, 39], and sterile neutrinos [40], each being actively explored through direct detec-
tion experiments, indirect astrophysical probes, and collider searches.

Dark Energy and the cosmological constant problem

The late-time accelerated expansion of the Universe, confirmed through Type Ia supernovae
and precision cosmology, points to the presence of dark energy – a component with negative
pressure comprising about 70% of the cosmic energy budget. In QFT, the simplest candidate
is a cosmological constant, corresponding to vacuum energy. However, theoretical estimates
of the vacuum energy density exceed the observed value by some 120 orders of magnitude,
making this arguably the most severe fine-tuning problem in theoretical physics [41]. Re-
solving this mismatch likely requires input from a deeper framework, possibly involving
new symmetries, dynamical adjustment mechanisms, or quantum gravity effects – none of
which are incorporated in the SM.

Neutrino masses and mixing

Neutrino oscillation experiments have established that neutrinos have small but non-zero
masses and undergo flavor mixing – phenomena that the minimal SM cannot accommo-
date, as it predicts massless neutrinos. Generating neutrino masses requires extending the
SM in one of several ways: by introducing right-handed neutrinos and Dirac mass terms,
or via Majorana masses through the seesaw mechanism [42–45]. These mechanisms not
only explain the smallness of neutrino masses but also open the door to new physics scales
and possible connections to baryogenesis via leptogenesis. Their experimental signatures
include neutrinoless double beta decay and deviations in neutrino oscillation patterns – key
probes of BSM physics.

Matter-antimatter asymmetry

The observed baryon asymmetry of the Universe, quantified by the baryon-to-photon ra-
tio ηB ∼ 6 × 10−10, remains unexplained within the SM. While the SM satisfies the three
Sakharov conditions – baryon number violation, C and CP violation, and departure from
thermal equilibrium – the amount of CP violation provided (mainly through the CKM phase)
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is insufficient by several orders of magnitude. This suggests the need for additional CP-
violating phases and new dynamics beyond the SM. Prominent scenarios include electroweak
baryogenesis [46] and leptogenesis [47], both of which require BSM ingredients such as new
scalar sectors, heavy neutrinos, or extended Higgs structures.

Unification and Quantum Gravity

As already described in section 2.2.3, the SM does not provide a unified description of all
interactions. While it successfully unifies the electromagnetic and weak forces, it fails to in-
corporate gravity and does not unify all three gauge couplings at a single energy scale. How-
ever, the running of the gauge couplings suggests a near unification around 1015-1016 GeV,
inspiring GUTs such as SU(5), SO(10), or E6 [24, 25]. These frameworks predict new par-
ticles, such as leptoquarks and GUT-scale gauge bosons, and typically lead to testable phe-
nomena like proton decay. A complete unification also requires a quantum theory of gravity.
Candidates include string theory and loop quantum gravity, as well as newer approaches
based on asymptotic safety, all of which provide avenues to embed the SM into a more fun-
damental UV-complete theory. In this thesis, the idea of asymptotic safety is going to be
explored in details.
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3
Phenomenological approach to
VLF

This chapter marks the beginning of the original research contributions presented in this the-
sis. Adopting a phenomenological perspective, it investigates an extension of the SM that
includes VLFs, focusing on their implications for low-energy observables and collider phe-
nomenology. Particular attention is given to the muon anomalous magnetic moment, within
a model that aims to address the mass generation mechanism for SM fermions through the
dynamics of VLFs.

3.1 Global analysis and LHC study of a vector-like extension
of the Standard Model with extra scalars

This chapter is based on "Global analysis and LHC study of a vectorlike extension of
the standard model with extra scalars" by A. E. Carcamo Hernandez, K. Kowalska,
H. Lee, D. Rizzo, [1].

3.1.1 Introduction

The origin of the flavor structure of the SM, i.e. the observed hierarchy between fermion
masses and mixing angles of the CKM matrix, is one of the greatest mysteries of particle
physics that still lacks a convincing and commonly accepted explanation. A number of New
Physics (NP) ideas have been put forward in recent decades to address the flavor puzzle,
among which the Froggatt-Nielsen (FN) mechanism [48] and extra dimensions [49–51] are
those that admittedly received the most attention and applications. The underlying concept
is to introduce a new quantity that in some sense would be “larger” than the electroweak
symmetry breaking (EWSB) scale. This could be the vev of a flavon field, or a distance of
a fermion field from the infra-red brane. Such a hierarchy of scales can be then translated
into a hierarchy of masses and mixing angles of the SM quarks and leptons. A similar idea
gave rise to the famous seesaw mechanism of neutrino mass generation [42, 52–57], where
tiny values of the SM neutrino masses arise as a result of suppression of the EWSB scale by
a very large Majorana mass.
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In Ref. [58] a FN-inspired model was proposed to explain the observed masses and mixing
patterns of the SM fermions. The SM Yukawa interactions are forbidden in this setup by an
extra abelian symmetry U(1)X , which could be either global or local. The particle content of
the model corresponds to the two-Higgs-doublet model (2HDM) extended by a full family
of VL fermions charged under U(1)X , and one U(1)X-breaking singlet scalar which plays the
role of a FN flavon. The large third-family Yukawa couplings are then effectively generated
via mixing of the SM quarks and leptons with the SU(2)L doublet VL fermions, while the
Yukawa couplings of the second family emerge from a seesaw-like construction, mediated
by the heavy VL SU(2)L singlets.
In this study, we provide benchmark points that could account for the muon (g− 2) anomaly
and, at the same time, give rise to the mass and mixing patterns of the SM fermions. We
discuss the impact of the most recent bounds from direct NP searches at the LHC on the
allowed parameter space of the model. While we show that the model is not currently tested
by any collider experiment, we point out that decays of a heavy Higgs boson into two tau
leptons may offer a smoking gun signature for the detection of the model in the upcoming
runs of the LHC.
Secondly, we demonstrate that the quartic and Yukawa couplings of the model are subject to
strong constraints from their RG running. The breakdown of perturbativity usually calls for
an extension of the theoretical setup by extra degrees of freedom in order to cure pathological
behavior of the running couplings, or/and for an inclusion of non-perturbative effects (like
bound-state formation). If any of those arose at the scale specific to the original NP model,
they would most likely affect its phenomenological predictions. Therefore, we apply the
perturbativity bounds to the running couplings evaluated at an energy scale which is high
enough that the phenomenology of the specific NP model can be trusted. Last but not least,
we derive the stability conditions for the scalar potential.
In this work, we identify three benchmark scenarios that satisfy our theoretical and exper-
imental requirements. While these best-fit points emerge from a random numerical scan,
they present features that are generic for the model in study. Most importantly, we point out
that a charged Higgs/heavy neutrino loop is a dominant contribution to the muon (g − 2)
anomaly. This results from the fact that the competing neutral scalar/heavy charged lep-
ton contributions are governed by the same Yukawa coupling that determines the tree-level
muon mass and is thus required to be small.

3.1.2 Generation of fermion masses and mixing

We begin our study by reviewing the structure and the main properties of the model in-
troduced in Ref. [58]. In the following, we focus mostly on these features of the model
which play a pivotal role in the subsequent phenomenological analysis. Technical details
of the model, including the analytical diagonalization of the fermion mass matrices and the
derivation of the interaction vertices in the mass basis, can be found in Refs. [58–61].
The particle content of the model is summarized in Table 3.1. The SM fermion sector, collec-
tively denoted as ψi (ψi = QiL, uiR, diR, LiL, eiR and i = 1, 2, 3 stands for a generation index)
is extended by one full family of VL fermions, indicated collectively as (ψ4, ψ̃4). We adopt
the convention of using the left-chiral two-component Weyl spinors, therefore the subscripts
L, R indicate the names of the fermions, not the chiralities. The scalar sector contains, besides
the usual SU(2)L Higgs doublet dubbed as Hu, an extra scalar doublet Hd and a scalar singlet
ϕ. Note that all the NP particles and the Higgs doublet Hu are charged under an extra global
gauge symmetry U(1)X , while the SM fermions are U(1)X singlets. As a result, the ordinary
SM Yukawa interactions are forbidden.
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Field SU(3)C SU(2)L U(1)Y U(1)X

QiL 3 2 1
6 0

uiR 3̄ 1 − 2
3 0

diR 3̄ 1 1
3 0

LiL 1 2 − 1
2 0

eiR 1 1 1 0

Q4L 3 2 1
6 1

u4R 3̄ 1 − 2
3 1

d4R 3̄ 1 1
3 1

L4L 1 2 − 1
2 1

e4R 1 1 1 1

ν4R 1 1 0 1

Q̃4R 3̄ 2 − 1
6 −1

ũ4L 3 1 2
3 −1

d̃4L 3 1 − 1
3 −1

L̃4R 1 2 1
2 −1

ẽ4L 1 1 −1 −1

ν̃4L 1 1 0 −1

ϕ 1 1 0 1

Hu 1 2 1
2 −1

Hd 1 2 − 1
2 −1

TABLE 3.1: The particle content of the NP model considered in this study.

All the renormalizable Yukawa interactions between the SM and NP fermions which are
allowed by the extended gauge symmetry can be schematically written as:

LYukawa
ren = yψ

i4ψiLHψ4R + yψ
4jψ4LHψjR + xψ

i4ψiLϕ ψ̃4R + xψ
4jψ̃4Lϕ ψjR

+ Mψ
4 ψ4Lψ̃4R + Mψ̃

4 ψ̃4Lψ4R + h. c., (3.1)

where H is either Hu or Hd and Mψ
4 (Mψ̃

4 ) denotes the VL doublet (singlet) mass parameter.
Note that with the U(1)X charges given in Table 3.1 the scalar Hu only couples to the up-type
quarks, while Hd to the down-type quarks and charged leptons, reminiscent of the 2HDM
Type-II model.

3.1.2.1 Hierarchy of masses

Once the neutral components of the scalar fields develop their vevs, the 5× 5 fermions mass
matrices are generated. Since their upper 3 × 3 blocks contain only zeros (we recall that the
SM Yukawa couplings are forbidden by the U(1)X symmetry), one has the freedom to rotate
the first three families. It can easily be shown [58] that this allows one to choose a flavor
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basis in which the fermion mass matrices acquire the following form:

Mψ =



ψ1R ψ2R ψ3R ψ4R ψ̃4R

ψ1L 0 0 0 (yψ
14⟨H0⟩) 0

ψ2L 0 0 0 yψ
24⟨H0⟩ 0

ψ3L 0 0 0 yψ
34⟨H0⟩ xψ

34⟨ϕ⟩
ψ4L 0 0 yψ

43⟨H0⟩ 0 Mψ
4

ψ̃4L 0 xψ
42⟨ϕ⟩ xψ

43⟨ϕ⟩ Mψ̃
4 0


. (3.2)

In the above, the term in parentheses assumes a non-zero value in the mass matrix of the
down-type quarks, while it is zero for the up-type quarks and charged leptons. The exact
forms of the matrices Mu, Md and Me are presented in Appendix 3.A.
In order to calculate the masses of the physical quarks and leptons, the 5 × 5 matrices of
Eq. (3.2) need to be diagonalized. Due to a large number of free parameters in the Yukawa
sector one may expect that the resulting functional dependence of the eigenvalues of Mψ

on the couplings yψ
i4, yψ

43, xψ
4i, xψ

34 and the masses Mψ(ψ̃)
4 is highly nontrivial. It turns out,

however, that it is not necessarily the case and that simplified expressions for the fermion
masses can be derived. Denoting the scalar vevs as

⟨H0
u⟩ = vu/

√
2, ⟨H0

d⟩ = vd/
√

2, ⟨ϕ⟩ = vϕ/
√

2 (3.3)

and defining tan β = vu/vd, the masses of the third and second family quarks and leptons
are approximately given by (see also Ref. [58] for a related derivation)

mt ≈ 1√
2

yu
43xQ

34vϕvu√
(xQ

34vϕ)2 + 2(MQ
4 )2

, mc ≈
yu

24xu
42vϕvu

2 Mu
4

(3.4)

mb ≈ 1√
2

yd
43xQ

34vϕvd√
(xQ

34vϕ)2 + 2(MQ
4 )2

, ms ≈
yd

24xd
42vϕvd

2 Md
4

(3.5)

mτ ≈ 1√
2

ye
43xL

34vϕvd√
(xL

34vϕ)2 + 2(ML
4 )

2
, mµ ≈

ye
24xe

42vϕvd

2 Me
4

. (3.6)

While Eqs. (3.4)-(3.6) allow determination of the SM fermion masses with an accuracy within
a factor of 2 − 3 only, they can be used to gain intuition of which NP Yukawa couplings play
a dominant role in establishing the correct masses of particular fermions. For example, large
xQ

34 and yu
43 are expected to fit mt, while yu

24 ≪ 1 or xu
42 ≪ 1 would be required to suppress

the charm mass. Similarly, large yd
43 is needed to generate mb = 4.18 GeV. Additionally, in

order to obtain the correct value of the top quark mass, the singlet scalar vev vϕ should be of
the same order as the VL mass parameter MQ

4 . Note, however, that in our phenomenological
analysis we always perform the numerical diagonalization of the mass matrices (3.66), (3.69)
and (3.72).
One important observation which can be deduced from Eqs. (3.4) and (3.5) is that the ratio of
the top and bottom masses, mt/mb ≈ 34, puts relevant constraints on the allowed parameter
space of the model. In fact, we have

mt

mb
≈

yu
43

yd
43

tan β . (3.7)

The relation (3.7) leads to two distinct classes of solutions. In the first one, with both the
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Yukawa couplings of order one, tan β ∼ O(10) is required. In the other one, with tan β ∼
O(1), a large hierarchy between the up and down sector couplings, yd

43 ≪ yu
43, must be

imposed.
The masses of VL fermions are given, to a very good approximation, by the corresponding
VL mass parameters with small contributions stemming from their mixing with the second
and the third family,

MU1 ≈

√√√√(MQ
4 )2 +

1
2
(vϕxQ

34)
2 −

(MQ
4 yu

43vu)2

(xQ
34vϕ)2 + 2(MQ

4 )2
(3.8)

MU2 ≈

√
(Mu

4 )
2 +

1
2
(vϕxu

43)
2 +

1
2
(vϕxu

42)
2 +

2(Mu
4 yu

43vu)2

2(Mu
4 )

2 + (vϕxu
43)

2 + (vϕxu
42)

2 (3.9)

MD1 ≈
√
(MQ

4 )2 +
1
2
(vϕxQ

34)
2, MD2 =

√
(Md

4)
2 +

1
2
(vϕxd

43)
2 +

1
2
(vϕxd

42)
2 (3.10)

ME1 ≈
√
(ML

4 )
2 +

1
2
(vϕxL

34)
2, ME2 =

√
(Me

4)
2 +

1
2
(vϕxe

43)
2 +

1
2
(vϕxe

42)
2. (3.11)

In the neutrino sector, the corresponding mass matrix is 7 × 7 and its explicit form can be
found in Eq. (3.76). The resulting masses of the heavy neutrinos read

MN1 = MN2 ≈ Mν
4 , MN3 = MN4 ≈

√
(ML

4 )
2 +

1
2
(vϕxL

34)
2. (3.12)

By comparing Eq. (3.12) with Eq. (3.11), we can pinpoint two generic features of the model
considered in this study: heavy neutrinos N1,2 are the lightest VL leptons in the spectrum,
while the pair N3,4 is mass-degenerate (at the tree level) with the charged VL lepton E1.
We will later see that this mass pattern has important consequences for the resulting phe-
nomenology.
As a final remark, let us notice that one complete VL family allows us to give masses to
the second and third family of the SM fermions only. To generate the masses for the first
family as well, one extra VL family is required (for an example of such a construction, see
Ref. [60]). Since such an extension would only increase the number of free parameters in the
model without affecting any phenomenological findings, in this study we limit ourselves to
its most economical version.

3.1.2.2 CKM mixing matrix

The full 5 × 5 mixing matrix takes the following form [59]:

Vmixing = Vu
L . diag (1, 1, 1, 1, 0) .Vd†

L (3.13)

where Vu
L and Vd

L are the left-handed mixing matrices of Eqs. (3.70) and (3.73) which diag-
onalize the up- and down-type quark mass matrices Mu and Md. The zero element of the
matrix (3.13) indicates the fact that the singlet VL quarks do not interact with the SM gauge
bosons W±. Following the strategy of Ref. [59] and working under the assumption that
vu,d/MQ,u,d

4 ≪ 1, we can approximate the 3 × 3 CKM matrix as

V3×3
CKM ≈

 1 − x2
ud/2 xud xudxd

−xud 1 − x2
ud/2 xd − xu

−xuxud xu − xd 1

 , (3.14)
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where

xd =
yd

24xd
43MQ

4

yd
43xQ

34Md
4

, xu =
yu

24xu
43MQ

4

yu
43xQ

34Mu
4

, xud =
yd

14

yd
24

. (3.15)

Based on the conclusions from Sec. 3.1.2.1 one expects xu, xd ≪ 1. Note also that:

• The element Vus of the CKM matrix is given by yd
14/yd

24 in our model. The presence of
a non-zero coupling yd

14 is thus crucial to generate the Cabibbo angle of the right size.
We also expect yd

14 ≈ 0.22 yd
24.

• The correct value of the element Vud is generated automatically once the Cabibbo angle
is set.

• To reproduce the correct value of the element Vub, one needs xd ≈ 0.017. It then follows
that xu ≈ −0.023 is required in order to fit the element Vcb (it also implies xu

43 of order
one).

• The only element of the CKM matrix that can not be accurately reproduced is Vtd.

To analzye this issue more quantitatively, it is convenient to rewrite the CKM matrix (3.14)
in terms of the Wolfenstein parameters [62]. Defining, for example,

xd = A λ3
√

η2 + ρ2 , xu = A λ2
(√

η2 + ρ2 − 1
)

, xud =
xu xd

λ
, (3.16)

one obtains

|V3×3
CKM| =


1 − λ2/2 λ A λ3

√
η2 + ρ2

λ 1 − λ2/2 A λ2

A λ3
(

1 −
√

η2 + ρ2
)

A λ2 1

+O(λ4) . (3.17)

Plugging the Wolfenstein parameters extracted from the global fit [63] into Eq. (3.17) and
comparing it with the experimental determination of the CKM matrix elements reported in
Ref. [63], one can estimate to what extent the measured structure of the CKM matrix can be
reproduced in our model. One obtains

|Vexp
CKM| − |V3×3

CKM|
δ|Vexp

CKM|
=

 0 0 0
0 0.04 0

8.88 0.23 0.01

 . (3.18)

It results from Eq. (3.18) that in the framework of our model we may not be able to correctly
reproduce all the elements of the CKM matrix (this observation will be later confirmed by
our numerical scan).1 Once more, this issue could be solved by introducing an extra VL
family.

3.1.3 Scalar potential constraints

In this section, we discuss the constraints stemming from the scalar potential of the model.
In particular, we define the alignment limit of the SM-like Higgs boson, we derive the condi-
tions for the scalar potential to be bounded from below in the presence of three independent
scalar fields, and we verify whether the electroweak (EW) vacuum is stable.

1Note that modifying the definitions of the parameters xu, xd and xud in Eq. (3.16), one could be able to fit better
the element Vtd, but at the price of losing the accuracy in reproducing Vcb.
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3.1.3.1 Scalar masses in the alignment limit

In the interaction basis, the most generic renormalizable scalar potential of the model defined
in Table 3.1 takes the form [60]:

V = µ2
u(H†

u Hu) + µ2
d(H†

d Hd) + µ2
ϕ(ϕ

∗ϕ)− 1
2

µ2
sb

(
ϕ2 + ϕ∗2

)
+

1
2

λ1(H†
u Hu)

2 +
1
2

λ2(H†
d Hd)

2 + λ3(H†
u Hu)(H†

d Hd) + λ4(H†
u Hd)(H†

d Hu)

− 1
2

λ5(ϵij Hi
u H j

dϕ2 + H. c.) +
1
2

λ6(ϕ
∗ϕ)2 + λ7(ϕ

∗ϕ)(H†
u Hu) + λ8(ϕ

∗ϕ)(H†
d Hd),

(3.19)

where µ2
u,d,ϕ are dimensionful mass parameters, λ1,2,··· ,8 denote dimensionless quartic cou-

pling constants, and µ2
sb is an extra mass term which softly violates the global U(1)X sym-

metry. The main reason to introduce the latter is to prevent a massless Goldstone boson of
the spontaneously broken U(1)X to appear in the spectrum. As we will see below, the soft-
breaking term does not affect the CP-even and the charged scalar masses since it only enters
the mass matrix of the pseudoscalars.
Expanding the fields Hu, Hd and ϕ around their vacuum states,

Hu =

(
H+

u
1√
2

(
vu + Re H0

u + i Im H0
u
)) , Hd =

(
1√
2

(
vd + Re H0

d + i Im H0
d
)

H−
d

)
,

ϕ =
1√
2

(
vϕ + Re ϕ + i Im ϕ

)
, (3.20)

where the vevs are defined in Eq. (3.3), one can use the minimization conditions for the
scalar potential (3.19) to express the dimensionful mass parameters in terms of the quartic
couplings and the vevs,

µ2
u = −1

2

(
λ1v2

u + λ3v2
d + λ7v2

ϕ

)
− 1

4
λ5

(
vd
vu

)
v2

ϕ,

µ2
d = −1

2

(
λ2v2

d + λ3v2
u + λ8v2

ϕ

)
− 1

4
λ5

(
vu

vd

)
v2

ϕ,

µ2
ϕ = −1

2

(
λ6v2

ϕ + λ5vdvu + λ7v2
u + λ8v2

d

)
+ µ2

sb .

(3.21)

One must have
µ2

u < 0 , µ2
d < 0 , µ2

ϕ < 0 . (3.22)

in order to generate the non-zero vevs for all the scalar fields.
The real parts of the scalar fields, Re H0

u, Re H0
d and Re ϕ, account for three CP-even Higgs

bosons. The masses of three physical neutral scalars, h1, h2 and h3, correspond to the eigen-
values of M2

CP-even,
diag{M2

h1
, M2

h2
, M2

h3
} = Rh(M

2
CP-even)RT

h . (3.23)

In the following, we will want to identify the SM Higgs boson with the lightest neutral
scalar h1. To this end, we choose to work in the so-called alignment limit, defined as a set of
constraints on the quartic couplings λi under which h1 features the same tree-level couplings
with the SM particles as the SM Higgs. This assumption requires

λ8 cos2 β + λ7 sin2 β + λ5 sin β cos β = 0 (3.24)

λ2 cos2 β − λ1 sin2 β − λ3(cos2 β − sin2 β) = 0 , (3.25)
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where the equality imposes a perfect alignment condition. The masses of the CP-even scalars
in the alignment limit read

M2
h1

= v2
(

λ1 sin2 β + λ3 cos2 β
)

(3.26)

M2
h2

= λ6 v2
ϕ − 1

8 sin β cos β

(
B23 +

√
4A2

23 + B2
23

)
(3.27)

M2
h3

= λ6 v2
ϕ − 1

8 sin β cos β

(
B23 −

√
4A2

23 + B2
23

)
, (3.28)

where we define

A23 = 2 v vϕsβ(cβλ5 + 2λ7sβ) (3.29)

B23 = λ5v2
ϕ + 4sβcβ

(
λ6v2

ϕ − (λ1 − λ3)v2s2
β

)
, (3.30)

and v =
√

v2
u + v2

d = 246 GeV.

The CP-odd scalar mass matrix in the basis
(
Im H0

u, Im H0
d , Im ϕ

)
, M2

CP-odd, after diagonal-
ization, gives the physical CP-odd spectrum, consisting of one massless Goldstone boson
and two massive pseudoscalars, a1 and a2,

M2
a1

= − λ5

2 sin 2β

(
v2 sin2 2β + v2

ϕ

)
(3.31)

M2
a2

= 2 µ2
sb . (3.32)

Note that λ5 < 0 and µ2
sb > 0 are required to guarantee the positivity of M2

a1
and M2

a2
.

Finally, the charged scalar mass matrix in the basis
(

H±
u , H±

d
)
, M2

Charged, after diagonaliza-
tion, gives a massless charged Goldstone boson and a charged Higgs boson,

M2
h± =

λ4v2

2
−

λ5v2
ϕ

2 sin 2β
. (3.33)

As a closing remark, let us notice that the alignment condition (3.25) indicates

λ2 = λ3 + tan2 β(λ1 − λ3) . (3.34)

In order to preserve the perturbativity of λ2 (more on this in Sec. 3.1.5), the term in parenthe-
ses needs to be fine-tuned with a precision O(1/ tan2 β) or better, effectively fixing λ3 ≈ λ1

with the same accuracy. On the other hand, Eq. (3.26) implies that we can identify λ1 with
the quartic coupling of the SM, λ1 = 0.258, as long as tan β ≳ 3. Similarly, the alignment
condition (3.24) gives

λ8 = − tan β (λ7 tan β + λ5) . (3.35)

Perturbativity of λ8 then requires λ7 ∼ O(1/ tan2 β) and λ5 ∼ O(1/ tan β).

3.1.3.2 Bounded-from-below limits and vacuum stability

To guarantee that the minimum around which we expand the scalar potential (3.19) is phys-
ically meaningful, we must ensure that the potential is bounded from below, which means
that it cannot tend to negative infinity along any direction in the field space. This require-
ment puts additional restrictions on the allowed values of the couplings λi. To derive the
‘bounded-from-below’ constraints, one should analyze all possible directions along which
the scalar fields Hu, Hd and ϕ can flow towards arbitrarily large values. The details of our
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derivation are presented in Appendix 3.C. Here we summarize our findings in the form of
inequality conditions which need to be satisfied by the quartic couplings of the potential
(3.19):

λ8 +
√

λ2λ6 > 0

λ7 +
√

λ1λ6 > 0

λ3 +
√

λ2λ1 > 0

λ3 + λ4 +
√

λ2λ1 > 0

−1
4
(Re λ5)

2 + (Im λ5)
2

λa
+ λ4 > 0

4λ2
b − (Re λ5)

2 + Re λ5 Im λ5 > 0

4λ2
b − (Im λ5)

2 + Re λ5 Im λ5 > 0

(3.36)

where λa = 3
2 λ6 + λ3

λ6√
λ1λ2

+ λ7

√
λ6
λ1

+ λ8

√
λ6
λ2

and λb =
√

λaλ4. Since in this study we
do not investigate the CP violation, we assume that all the parameters of the lagrangian are
real, indicating Im λ5 = 0.

In theories which feature an extended scalar sector, the scalar potential can easily develop
more than one local minimum. As a result, the theory may tunnel from one minimum to
another. In principle, color and charge breaking minima deeper than the EWSB minimum of
Eq. (3.3) can arise in our model (see, e.g. [64]). Moreover, several charge and color conserv-
ing minima can coexist, in which case we do not know a priori which of them corresponds to
the desired EWSB minimum. The strong vacuum stability condition for the scalar potential
requires that the EWSB vacuum corresponds to a global minimum. In such a case the poten-
tial is said to be stable. If, on the other hand, the EWSB minimum is a local minimum but
the tunneling time to a true global minimum exceeds the age of the Universe, the potential
is said to be metastable. In this study we employ the publicly available numerical package
Vevacious++ [65] (the C++ version of [66]) to find all tree- and one-loop level minima of
the scalar potential defined in Eq. (3.19) and to calculate the tunneling time from the EWSB
minimum to the deepest minimum found.

3.1.4 Flavor physics constraints

In this section, we review additional constraints which may affect the allowed parameter
space of the analyzed model. These extra restrictions come from the experimental mea-
surements of several flavor observables, including the anomalous magnetic moment of the
muon, the lepton flavor violating decays of the tau lepton, and the elements of the CKM
matrix. We discuss them in the following one by one.

3.1.4.1 Muon anomalous magnetic moment

The discrepancy between the SM prediction [67–88] and the experimental measurement
of the anomalous magnetic moment of the muon has been confirmed separately by the
Brookhaven National Laboratory [89] and the Fermilab experimental groups [90, 91], giving
rise to the combined 5.1 σ anomaly:

∆aµ = aexp
µ − aSM

µ = (2.49 ± 0.48)× 10−9. (3.37)
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It is important to note that recent developments in lattice QCD have led to updated deter-
minations of the leading-order hadronic vacuum polarization (HVP) contribution to aµ. In
particular, the BMW Collaboration has reported a value that is in closer agreement with the
experimental result [92], potentially reducing or even eliminating the previously observed
tension between theory and experiment. However, this result is in mild tension with the val-
ues obtained from the data-driven (dispersive) approach [81, 82], which continues to predict
a discrepancy. As of now, this situation remains under scrutiny, and future theoretical and
experimental input will be crucial in resolving this tension.

In a generic NP model which features heavy scalars ϕi and fermions ψj coupled to the SM

muons via the Yukawa-type interactions yij
Lϕi ψ̄jPL µ and yij

Rϕi ψ̄jPR µ (where PL,R = (1 ∓
γ5)/2 are the usual projection operators), a well-known one-loop contribution to the muon
anomalous magnetic moment reads

∆aµ = ∑
i,j

{
−

m2
µ

16π2M2
ϕi

(
|yij

L |
2 + |yij

R|
2
) [

QjF1
(
xij
)
− QiG1

(
xij
)]

−
mµ Mψj

16π2M2
ϕi

Re
(

yij
Lyij∗

R

) [
QjF2

(
xij
)
− QiG2

(
xij
)]}

, (3.38)

where Mϕi is the physical mass of a heavy scalar, Mψj is the physical mass of a heavy fermion,
xij = M2

ψj
/M2

ϕi
, and the electric charges of ϕi and ψj are related as Qi + Qj = −1. The loop

functions are defined in the following way:

F1(x) =
1

6 (1 − x)4

(
2 + 3x − 6x2 + x3 + 6x ln x

)
F2(x) =

1

(1 − x)3

(
−3 + 4x − x2 − 2 ln x

)
G1(x) =

1

6 (1 − x)4

(
1 − 6x + 3x2 + 2x3 − 6x2 ln x

)
G2(x) =

1

(1 − x)3

(
1 − x2 + 2x ln x

)
.

(3.39)

The first addend in Eq. (3.38) captures the loop chirality-conserving contributions to ∆aµ.
These are known to be generically too small to account for the anomaly (3.37) when the
most recent LHC bounds on the NP masses are taken into account [93, 94]. We will thus
focus on the second addend in Eq. (3.38), which corresponds to the loop chirality-flipping
contributions to ∆aµ.
In the framework of the model defined in Table 3.1, two classes of contributions to the
anomalous magnetic moment of the muon can arise, induced by one-loop diagrams with
an exchange of neutral (pseudo)scalars and charged VL leptons, as shown in Fig. 3.1(a), or
charged scalars and neutral VL leptons, as shown in Fig. 3.1(b). In the first case, the chirality-
flipping contributions to ∆aµ read

∆aEh0

µ ≈ 1
16π2

2

∑
j=1

3

∑
i=1

mµ MEj

M2
h0

i

Re (cLc∗R)
Ej ,h0

i F2

(
M2

Ej
/M2

h0
i

) (3.40)
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µ µ

γ

h1,2,3, a1,2

E1,2 E1,2

(A)

µ µ

γ

N1,2,3,4

h− h−

(B)

FIGURE 3.1: The one-loop chirality-flipping contributions to ∆aµ mediated
by (a) a neutral (pseudo)scalar/charged lepton exchange, and (b) a charged

scalar/neutral lepton exchange.

for the CP-even scalars and

∆aEa
µ ≈ 1

16π2

2

∑
j=1

2

∑
i=1

[
mµ MEj

M2
ai

Re (cLc∗R)
Ej ,ai F2

(
M2

Ej
/M2

ai

)]
(3.41)

for the CP-odd scalars. The one-loop contributions to ∆aµ from the neutral leptons and
charged scalars are given by

∆aNh±
µ ≈ − 1

16π2

4

∑
j=1

[
mµ MNj

M2
h±

Re (cLc∗R)
Nj ,h± G2

(
M2

Nj
/M2

h±

)]
. (3.42)

The parameters cL/R denote the effective couplings arising from the muon-(pseudo)scalar-
VL fermion vertices in the mass basis. They depend on the lepton Yukawa couplings, as
well as on the elements of the mixing matrices Rh, Ra, and Ve

L/R. The explicit forms of cL/R

are rather complex and we refrain from showing them here. Note, however, that in our
numerical analysis we are going to compute all the contributions to ∆aµ with the numerical
package SPheno [95, 96].

3.1.4.2 Lepton flavor violating decays

Due to the non-zero mixing between the second and the third generation of fermions, charged
lepton flavour violating processes may occur. The τ → µγ decay receives contributions from
the one-loop diagrams analogous to those of ∆aµ. The corresponding branching ratio (BR)
is given by [97]

BR(τ → µγ) =
αemm3

τ

4 Γτ
∑
i,j

(
|Aij

L |
2 + |Aij

R|
2
)

, (3.43)

where Γτ = 2.3 × 10−12 [63] indicates the total decay width of the tau, αem is the fine
structure constant, and the decay amplitude Aij

L reads

Aij
L =

1
32π2M2

ϕi

{
mτ

(
yij

τ,Lyij∗
µ,L

) [
QjF1

(
xij
)
− QiG1

(
xij
)]

+Mψj

(
yij

τ,Lyij∗
µ,R

) [
QjF2

(
xij
)
− QiG2

(
xij
)]}

. (3.44)

The corresponding amplitude Aij
R is obtained from Eq. (3.44) by replacing L ↔ R. Just like

it was in the ∆aµ case, the main contribution to BR(τ → µγ) originates from the second
addend in Eq. (3.44). The current experimental 90% confidence level (C.L.) upper bound on
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BR (τ → µγ) from the Belle collaboration reads [98]:

BR (τ → µγ)exp < 4.2 × 10−8 . (3.45)

The τ → 3 µ decay can proceed through the one-loop penguin and box diagrams. The
latter are subdominant in our model as they do not receive the chiral enhancement. The
corresponding formulae for the penguin-diagram BRs are lengthy and not particularly en-
lightening. They can be found, for example, in Eq. (37) of Ref. [97]. The 90% C.L. upper
bound on BR (τ → 3 µ) by the Belle collaboration reads [99]:

BR (τ → 3 µ)exp < 2.1 × 10−8 . (3.46)

3.1.4.3 CKM anomaly

Among the experimental puzzles which are not explained by the SM we should also mention
various tensions between three different determinations of the Cabibbo angle. This observ-
able can be extracted from the short distance radiative corrections to the β decay, from the
experimental data on kaon decays, and from the lattice calculations [100–103]. All these
measurements are in tension with each other, giving rise to two interesting anomalies.
The first anomaly is related to the violation of the CKM matrix unitarity when one compares
the values of

∣∣Vud
∣∣ and

∣∣Vus
∣∣ resulting from the β decay and from the kaon decays. The

second anomaly originates from two different measurements of
∣∣Vus

∣∣: from the semileptonic
K → πlν and the leptonic K → µν decay, respectively.
The experimental upper bound on the CKM deviation from the unitarity reads [63]

∆CKM =
√

1 − V2
ud − V2

us − V2
ub < 0.05. (3.47)

To explain the anomaly of Eq. (3.47), one can consider extensions of the SM in which the
fermion sector is enlarged by VL quarks mixing at the tree level with the SM quarks [101,
104–106]. In such a setting deviations from the unitarity of the three-dimensional CKM ma-
trix can arise quite naturally. Since the model defined in Table 3.1 contains all the necessary
ingredients to account for the CKM anomaly, we include it in our list of constraints.

3.1.5 Perturbativity constraints

The model defined in Table 3.1 is intended as a phenomenological scenario which correctly
describes the physics around the energy scale determined by the typical masses in the NP
sector. Nevertheless, it is important to understand what is the range of validity of such
a model or, in other words, what is the energy scale at which the model can not be trusted
anymore and should be embedded in some more fundamental UV completion. While such a
“cut-off” scale lacks a truly rigorous definition, one can try to estimate it by simply requiring
that whatever extra degrees of freedom emerge in the theory above this scale to make the
model UV complete, they do not affect its phenomenological predictions.
As an example, let us consider the muon anomalous magnetic moment operator, which in
the low-energy EFT reads

e
2 mµ

∆aµ

(
µ̄ σµν Fµνµ

)
≡ C

Λ
(
µ̄ σµν Fµνµ

)
. (3.48)

Here Λ is a cut-off scale of the examined EFT while C denotes a generic Wilson coefficient.
Note that since the operator in Eq. (3.48) is chirality flipping, it is more convenient to define
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FIGURE 3.2: The RG running of the quartic couplings λ1, λ6 and λ7 for a ran-
domly chosen benchmark point which satisfies all the constraints discussed
in Secs. 3.1.2 and 3.1.3. The renormalisation scale µ ranges from 1.5 TeV to
1000 TeV. µ0 = 1.5 TeV is a reference scale. We do not show the RG evolution
of other quartic and Yukawa couplings as it is very slow in the considered

energy range.

C = C̃ mµ/Λ. One can now derive from Eq. (3.48) rough estimates of the energy scale
associated with a hypothetical NP contributing to ∆aµ at different loop orders,

tree level : C̃ ≈ 1, Λ ≈ 3000 GeV (3.49)

1 loop : C̃ ≈ 1/16π2, Λ ≈ 230 GeV (3.50)

2 loop : C̃ ≈ (1/16π2)2, Λ ≈ 20 GeV (3.51)

and so on. Going beyond the EFT approximation, let us investigate a one-loop chirality flip-
ping contribution to ∆aµ like the one in Eq. (3.38). Assuming that it arises from an unspeci-
fied UV completion of our model above the scale Λ, it can be estimated by the corresponding
UV mass mΛ and the UV Yukawa couplings yL/R(Λ) as

∆aΛ
µ ∼ 1

16π2
mµ v
m2

Λ
yL(Λ) yR(Λ). (3.52)

By demanding that the new contribution (3.52) does not shift our phenomenological predic-
tions for ∆aµ by more than 3 σ, we can derive a lower bound on the UV mass,

mΛ ≳
√

yL(Λ)yR(Λ) 15 TeV . (3.53)

For the Yukawa couplings at the upper edge of perturbativity, yL(Λ) = yR(Λ) =
√

4π,
Eq. (3.53) translates into a conservative estimation of the scale of validity of our phenomeno-
logical model,

mΛ ≳ 50 TeV. (3.54)

In other words, the model can not be UV completed below mΛ.
To implement the RG-based perturbativity constraints, we follow the RG flow of all the cou-
pling constants from the scale µ0 = 1.5 TeV, which is a proxy for the NP scale in our model,
to Λ = 50 TeV. The one-loop RGEs were computed using the publicly available numeri-
cal code SARAH [107, 108] and are summarized in Appendix 3.D. Due to a large number of
Yukawa and quartic interactions in our model, it is not possible to perform the perturbativ-
ity analysis in a generic way as the RGEs are non-linear differential equations that can not be
solved analytically. On the other hand, the perturbativity bounds are expected to be relevant
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Scalar sector

tan β [2, 50] vϕ [1000, 1500] µ2
sb [4, 64]× 104 λ2 [−2.0,+2.0] λ3 [0.24, 0.28]

λ4 [−2.0,+2.0] λ5 [−0.2, 0.0] λ6 [−2.0,+2.0] λ7 [−0.01,+0.01] λ8 [−1.0,+1.0]

Lepton sector

ye
24 [−0.7,+0.7] ye

43 [−1.0,+1.0] yν
14 [−1.0,+1.0]× 10−10 y′ν14 [−1.0,+1.0] Me

4 ± [200, 1000]

ye
34 [−1.0,+1.0] xe

42 [−1.0,+1.0] yν
24 [−1.0,+1.0]× 10−10 y′ν24 [−1.0,+1.0] Mν

4 ± [200, 1000]

xL
34 [−1.0,+1.0] xe

43 [−1.0,+1.0] yν
34 [−1.0,+1.0]× 10−10 y′ν34 [−1.0,+1.0] ML

4 ± [200, 1000]

Quark sector

yu
24 [−1.0,+1.0] yu

43 [−1.4,+1.4] yd
14 [−0.7,+0.7] yd

43 [−1.0,+1.0] Md
4 ± [1200, 4000]

yu
34 [−1.4,+1.4] xu

42 [−1.0,+1.0] yd
24 [−1.0,+1.0] xd

42 [−1.0,+1.0] Mu
4 ± [1200, 4000]

xQ
34 [−1.0,+1.0] xu

43 [−1.4,+1.4] yd
34 [−1.0,+1.0] xd

43 [−1.0,+1.0] MQ
4 ± [1200, 4000]

TABLE 3.2: Scanning ranges for the input parameters of the model defined
in Table 3.1. The alignment limit (cf. Sec. 3.1.3), the RGE perturbativity con-
straints (cf. Sec. 3.1.5) and a tentative lower bound on the VL mass parame-
ters (see the text) are imposed. In the Yukawa sector only the non-zero cou-

plings are shown. Dimensionful quantities are given in GeV and GeV2.

only for those couplings whose values must be of order 1 (or larger) for phenomenological
reasons. This observation allows us to reduce the RGE system and to simplify the analysis.
In the Yukawa sector, the couplings of interest are xQ

34, yu
43, yu

34 and xu
43 (see Sec. 3.1.2 for

the discussion). We find that the modulus of their value cannot exceed 1.4 at µ0 if they are
to remain perturbative up to 50 TeV. This conclusion is derived under the assumption that
all the other couplings (but two) are set to 1 at the initial scale µ0. The two exceptions are
yd

14 and ye
24 (expected to be much smaller than 1 as the Yukawas of the second generation),

whose values at µ0 are set to 0.7.
In the scalar sector, the perturbativity bounds are presumably most relevant for the cou-
plings λ1, λ6 and λ7, whose RGEs feature a power-four dependence on the large Yukawa
couplings yu

43, xu
43 and xQ

34. In Fig. 3.2 we illustrate the RG running of λ1, λ6 and λ7 for a
randomly chosen benchmark point which satisfies all the constraints discussed in Secs. 3.1.2
and 3.1.3. The running of all the remaining quartic couplings is very slow in the considered
energy range and does not pose any danger from the point of view of their perturbativity.
Once the whole system is analyzed with the alignment conditions (3.24) and (3.25) in place, it
turns out that the perturbativity requires the modulus of the quartic couplings to be smaller
than 2. A straightforward consequence of this result is that all the benchmark points found
previously in Ref. [60] are disfavored.

3.1.6 Numerical analysis and benchmark scenarios

In this section we perform a global numerical analysis of the model. We begin by discussing
the employed scanning methodology, the definition of the chi-square (χ2) statistics and the
initial ranges for all the model’s parameters. Next, we present three best-fit benchmark sce-
narios which arise from the minimization of the χ2 function. Finally, we provide a discussion
of some experimental signatures that these benchmark scenarios could produce.

3.1.6.1 Scanning methodology

In Table 3.2 we summarize the scanning ranges for all the parameters of the model. These
include the quartic couplings and the soft-breaking term of the scalar potential (3.19), the
non-zero Yukawa couplings and the mass parameters of the lagrangian (3.1), the vev of the
singlet scalar, and tan β.



Chapter 3. Phenomenological approach to VLF 44

In the scalar sector the alignment conditions (3.24) and (3.25) are imposed, leading to the
limited scanning ranges for λ3, λ5 and λ7 (cf. Eqs. (3.34) and (3.35)). For all the other quar-
tic couplings the perturbativity bounds discussed in Sec. 3.1.5 are enforced. Similarly, the
Yukawa couplings are scanned in the ranges consistent with their RGE perturbativity con-
straints. Finally, small values of some of the neutrino coupling constants are necessary to
generate tiny masses for the SM neutrinos.
A tentative lower bound of 1200 GeV is imposed on the VL quark mass parameters. This
is a rough (and conservative) approximation of the constraints from the direct NP searches
at the LHC, which will be discussed in more details in Sec. 3.1.7.1. The scanning range for
vϕ then follows from the requirement of reproducing the correct mass of the top quark, as
discussed in Sec. 3.1.2.1. Similarly, we adopt 200 GeV lower bounds on the VL lepton mass
parameters in order to be roughly consistent with the corresponding LHC constraints, which
we examine in Sec. 3.1.7.2. Finally, the range for µ2

sb was chosen to make sure that the mass
of the associated CP-odd state (cf. Eq. (3.32)) is not excluded by the current experimental
searches [63].
The experimental constraints employed in our numerical scan are listed in Table 3.3. The
central values and the experimental errors for the quark and lepton masses and for the CKM
matrix elements are quoted after the PDG report [63]. Since the uncertainties for mµ and mτ

are very small, rendering the fitting procedure numerically challenging, we adopt an error
of 10% for these two observables. The experimental constraints from the flavor physics were
discussed in Sec. 3.1.4.
We construct the χ2-statistic function as

χ2 = ∑
i

(
Omodel

i −Ocen
i

)2

(Oerr
i )2 , (3.55)

where Omodel
i indicates the value of an observable calculated in our model, Ocen

i is the cen-
tral value of its experimental measurement, Oerr

i is the corresponding experimental error,
and the sum runs over all the measured observables listed in Table 3.3. The upper bounds,
corresponding to the last three rows of Table 3.3, are not included in the χ2 function, but
applied as hard-cuts instead (a point in the parameter space is rejected if such a condition is
not satisfied). Benchmark points are obtained by minimization of the χ2 function.

3.1.6.2 Benchmark scenarios

In Table 3.4 we present input parameters for three best-fit benchmark scenarios identified by
performing the numerical scan discussed in Sec. 3.1.6.1. The corresponding mass spectra are
summarized in Table 3.5 while the breakdown of individual contributions to the χ2 function
is shown in Table 3.6.
In general, the three benchmark scenarios demonstrate quite similar features, both in terms
of the input parameters and of the resulting NP spectra. This is largely due to the fact that
we aim at reproducing masses and mixings of the SM fermions and this, as we discussed
in Sec. 3.1.2, puts strong constraints on (some of) the model’s parameters. For example, the
Yukawa couplings which link the VL sector with the SM fermions of the third generation are
in general larger than those associated with the second generation.
On the other hand, fitting the CKM matrix is a little bit more tricky and the bulk of the total
χ2 stems from this very sector. As anticipated in Sec. 3.1.2.2, the main contribution to the χ2

function is given by the element |Vtd|, with the corresponding χ2
Vtd

ranging from 16 for BP1
to 25 for BP3. Smaller yet still relevant contributions come from the entries |Vub| and |Vts|.
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Central Value Exp. Error Central
Value

Exp. Error

mµ 0.10566 10% |Vud| 0.97370 0.00014

mτ 1.77686 10% |Vus| 0.22450 0.00080

mc 1.270 0.020 |Vub| 0.00382 0.00024

ms 0.0934 0.0034 |Vcd| 0.22100 0.00400

mb 4.18 0.02 |Vcs| 0.98700 0.01100

mt 172.76 0.30 |Vcb| 0.04100 0.00140

∆aµ 2.49 × 10−9 0.48 × 10−9 |Vtd| 0.00800 0.00030

|Vts| 0.03880 0.00110

|Vtb| 1.01300 0.03000

Upper bound

BR (τ → µγ) < 4.2 × 10−8

BR (τ → 3µ) < 2.1 × 10−8

∆CKM < 0.05

TABLE 3.3: The experimental measurements which we employ in our numer-
ical scan. Masses are in GeV.

Finally, an order 10 contribution to the χ2 function from the element |Vus| is mainly due to a
very small experimental error associated with this particular observable. All other elements
of the CKM matrix are fitted within their 1σ experimental ranges. The two remaining best-fit
points follow the same pattern. Incidentally, note that the CKM anomaly is O(10−4) in our
setup, well below the experimental upper bound of Eq. (3.47).
Interestingly, in all three cases each quartic (Yukawa) coupling remains smaller than 4π

(
√

4π) up to 1000 TeV. We can therefore conclude that the validity range of our model ex-
tends well beyond the putative scale of 50 TeV.
Masses of the NP leptons are determined, to a large extent, by correctly fitting the exper-
imental value of ∆aµ (an overall contribution from this observable to the total χ2 function
does not exceed 0.7 in all the benchmark scenarios). Contributions to ∆aµ from the indi-
vidual one-loop diagrams of Fig. (3.1) are summarized in Table 3.7. We present separately
fractions of ∆aµ generated by the charged scalars h± and the neutral leptons N1,2,3,4, by the
CP-odd scalars a1,2 and the charged leptons E1,2, and by the CP-even scalars h1,2,3 and the
charged leptons E1,2. We also show the sum of all the contributions of a given type, indicated
by a subscript "tot".
We observe that the largest contributions to ∆aµ arise from the charged scalar/heavy neu-
trino loops. As we show in our analysis, all possible one-loop diagrams contributing to ∆aµ

should be treated at equal footing and none of them should be discarded a priori.
Even more interestingly, the observed dominance of the heavy neutrino contributions to
the anomalous magnetic moment of the muon seems to be a generic feature of the model
which does not pertain exclusively to the identified benchmark scenarios. The charged
scalar/heavy neutrino loops are determined, among other parameters, by combinations of
the y′ν couplings which are not constrained by any SM masses and mixing and thus can
become relatively large. Contrarily, the same Yukawa coupling is responsible for the gener-
ation of the neutral (pseudo)scalar/charged lepton loops and for the correct tree-level mass
of the muon. It is thus required to be small and the corresponding contributions to ∆aµ are
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Scalar sector

BP1 BP2 BP3 BP1 BP2 BP3

tan β 13 8 12 λ1 0.258 0.258 0.258

vu 245.3 244.3 245.2 λ2 0.514 0.153 0.623

vd 18.9 30.5 20.4 λ3 0.257 0.260 0.256

vϕ 1015 1077 1012 λ4 0.552 0.304 0.167

µ2
u −7.8 × 103 −6.6 × 103 −7.6 × 103 λ5 −0.039 −0.072 −0.061

µ2
d −8.2 × 103 −8.6 × 104 −3.4 × 104 λ6 0.370 0.487 0.663

µ2
ϕ −4.9 × 104 −9.4 × 104 −2.3 × 105 λ7 0.001 0.002 0.002

µ2
sb 1.4 × 105 1.9 × 105 1.1 × 105 λ8 0.254 0.423 0.417

Quark sector Lepton sector

BP1 BP2 BP3 BP1 BP2 BP3

yu
24 −0.051 −0.049 0.050 ye

24 0.028 −0.015 0.022

yu
34 −0.980 1.185 −1.024 ye

34 −0.895 0.612 0.790

xQ
34 0.924 −0.842 −0.877 xL

34 0.616 −0.729 0.724

yu
43 1.382 1.093 −1.337 ye

43 −0.223 0.144 −0.191

xu
42 0.550 0.821 −0.595 xe

42 0.156 0.165 0.188

xu
43 1.286 1.261 1.263 xe

43 −0.168 0.228 −0.205

yd
14 −0.022 0.035 0.026 yν

14 −2 × 10−11 5 × 10−11 3 × 10−11

yd
24 0.096 0.151 −0.113 yν

24 3 × 10−11 8 × 10−12 6 × 10−11

yd
34 −0.684 0.274 0.267 yν

34 −5 × 10−11 9 × 10−11 9 × 10−11

yd
43 −0.672 −0.489 0.656 y′ν14 −0.824 −0.674 −0.674

xd
42 −0.371 −0.110 0.225 y′ν24 −0.895 −0.874 −0.896

xd
43 −0.160 0.072 −0.127 y′ν34 0.701 0.744 −0.812

Mass parameters

BP1 BP2 BP3 BP1 BP2 BP3

Mu
4 −1317 1405 1334 Me

4 −517 −575 533

Md
4 −3644 3068 −2882 Mν

4 204 −212 217

MQ
4 −1384 1443 1322 ML

4 −206 −222 −202

TABLE 3.4: Input parameters for three best-fit benchmark scenarios. Dimen-
sionful quantities are given in GeV and GeV2.

suppressed. Additionally, one also observes cancellations between the individual contribu-
tions to ∆aµ stemming from the (pseudo)scalar diagrams with different VL leptons, which
is a known and common feature of many NP models with the VL fermions (see, e.g., [109,
110] for a discussion).
Finally, we should mention the size of the BRs for the lepton flavor violating decays τ →
µγ and τ → 3µ in our model, which are of the order (3 − 4) × 10−8 for the former and
(6 − 9)× 10−10 for the latter. Given that in the future the Belle-II collaboration is expected
to improve their current exclusion bounds by an order of magnitude or more [111, 112], it
may turn out that the tau leptonic decays offer the best experimental way of verifying the
predictions of the NP model analyzed in this study.
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SM fermions

BP1 BP2 BP3 BP1 BP2 BP3

mc 1.262 1.282 1.259 mµ 0.110 0.110 0.110

mt 172.7 172.8 172.6 mτ 1.864 1.756 1.765

ms 0.089 0.093 0.091 mν2

[
10−10] 4.659 6.587 0.252

mb 4.169 4.196 4.175 mν3

[
10−10] 8.253 18.38 20.95

NP fermions

Quark sector Lepton sector

BP1 BP2 BP3 BP1 BP2 BP3

MU1 1495 1561 1440 ME1 487 596 554

MU2 1708 1842 1704 ME2 543 615 570

MD1 1534 1579 1464 MN1,2 205 214 218

MD2 3655 3070 2888 MN3,4 488 598 556

Scalars

BP1 BP2 BP3 BP1 BP2 BP3

Mh1 125 125 125 Ma1 362 411 433

Mh2 362 412 435 Ma2 532 614 469

Mh3 617 752 824 Mh± 384 423 440

TABLE 3.5: Mass spectra for three best-fit benchmark scenarios. All masses
are in GeV.

3.1.7 LHC study of the benchmark scenarios

In this section we confront the benchmark scenarios identified in Sec. 3.1.6 with the null
results of the direct NP searches at the LHC. We analyze, one by one, the constraints origi-
nating from considering the production of VL quarks, VL leptons, and exotic scalars.

3.1.7.1 Vector-like quarks

The VL quarks (VLQs) can be copiously produced at the LHC, either in pairs through the
strong interactions or singly through an exchange of the EW gauge bosons. In the former
case, the dominant production channels at the leading order are gluon fusion and quark-
antiquark annihilation, whose production cross sections depend on the VLQ mass and its
SU(3)C quantum numbers only (see Refs. [113, 114] for analytical formulae). Therefore,
the experimental lower bounds on VLQ masses are expected to be, to a large extent, model
independent, baring only a slight dependence on the relative strength of the individual VLQ
decay channels.
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FIGURE 3.3: Pair production of the VLQs T and B via the gluon fusion at the
LHC considered by the ATLAS collaboration in Ref. [115].
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Quarks masses CKM elements

BP1 BP2 BP3 BP1 BP2 BP3

χ2
c 0.154 0.360 0.280 χ2

Vus
8.225 8.290 5.986

χ2
t 0.022 0.018 0.119 χ2

Vub
12.33 10.36 9.327

χ2
s 1.569 0.014 0.450 χ2

Vtd
15.69 18.30 24.58

χ2
b 0.330 0.640 0.052 χ2

Vts
10.45 9.796 6.559

χ2
Q 2.075 1.031 0.901 χ2

V 55.45 55.26 55.92

Charged leptons masses ∆aµ

χ2
µ 0.210 0.170 0.207 χ2

∆aµ
0.328 0.657 0.375

χ2
τ 0.241 0.014 0.004 Total

χ2
L 0.451 0.183 0.211 χ2

TOT 58.30 57.31 57.41

TABLE 3.6: Breakdown of the χ2 contributions from various observables im-
plemented in the χ2 function of Eq. (3.55). The CKM contributions which are
smaller than 3 are not shown. χ2

Q, χ2
L and χ2

V indicate total χ2 contributions
from the quark masses, lepton masses, and the CKM matrix elements, respec-

tively. χ2
TOT stands for the total χ2 function of each best-fit scenario.

The most recent analysis from ATLAS, based on the data from proton-proton collisions at
a centre-of-mass energy of

√
s = 13 TeV, corresponding to an integrated luminosity of 139

fb−1 [115], considered the pair production of VL top partners T and VL bottom partners
B with the decay channels T → Zt, ht, Wb and B → Zb, hb, Wt and with large missing
transverse momentum. The corresponding Feyman diagrams are depicted in Fig. 3.3. The
strongest 95% C.L. lower bounds on the VLQ mass derived in Ref. [115] read

MT/B > 1.41 TeV (3.56)

for the EW doublets2 and

MT > 1.26 TeV, MB > 1.33 TeV (3.57)

for the EW singlets.3 The analogous results from CMS can be found in Ref. [116]. Similarly,
by assuming that at least one of the VLQs decays into a Z boson with the BR=100%, the 13
TeV ATLAS search [117] obtained even stronger bounds,

MT > 1.60 TeV, MB > 1.42 TeV . (3.58)

At first glance it may seem that all our benchmark scenarios are consistent with the VLQ
exclusion bounds. On the other hand, in the model considered in this study the couplings
of the physical heavy quarks U1,2 and D1,2 with the third-generation SM quarks and the EW
gauge (Higgs) bosons are generated via tree-level mixing after the EW and U(1)X symmetries
are spontaneously broken (cf. Sec. 3.1.2 and Appendix 3.A). Since there is a priori no reason
for the resulting BRs to correspond to any of the benchmark cases considered by ATLAS and
CMS in their analyses (exotic decays to the charged Higgs are possible, for example), we
need to reexamine the experimental results in the framework of our model.

2For the VLQ mass larger than 800 GeV this indicates BR(T → Zt)=BR(T → ht) = 50% and BR(B → Wt) =
100% [115].

3For the VLQ mass larger than 800 GeV this indicates BR(T → Zt) = 25%, BR(T → ht) = 25%, BR(T → Wb) =
50%, BR(B → Zb) = 25%, BR(B → hb) = 25% and BR(B → Wt) = 50% [115].
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Contributions to ∆aµ × 109

Charged scalars CP-even scalars

Loop BP1 BP2 BP3 Loop BP1 BP2 BP3

h±, N1,2 −1.076 −0.792 −0.942 h1, E1 −0.003 −0.001 −0.009

h±, N3,4 3.300 2.898 3.153 h1, E2 0.003 0.001 0.009

h±, Ntot 2.225 2.106 2.211 h2, E1 −0.409 −0.520 −0.969

CP-odd scalars h2, E2 0.437 0.548 0.994

a1, E1 0.425 0.528 0.938 h3, E1 0.018 0.115 0.076

a1, E2 −0.544 −0.611 −1.529 h3, E2 −0.017 −0.127 −0.076

a2, E1 −0.033 −0.135 −0.071 h, Etot 0.032 0.027 0.025

a2, E2 0.110 0.196 0.621 Total

a, Etot −0.015 −0.023 −0.041 ∆aµ 2.215 2.101 2.196

TABLE 3.7: Contributions to ∆aµ from the individual one-loop diagrams
shown in Fig. (3.1). The subscript "tot" indicates the sum of all the contri-

butions of a given type.

MU1 σ(pp →
U1U1)

MU2 σ(pp →
U2U2)

MD1 σ(pp →
D1D1)

MD2 σ(pp →
D2D2)

BP1 1495 1.3 × 10−3 1708 3.9 × 10−4 1534 1.0 × 10−3 3655 4.5 × 10−9

BP2 1561 8.9 × 10−4 1842 1.9 × 10−4 1579 8.1 × 10−4 3070 1.6 × 10−7

BP3 1440 1.8 × 10−3 1704 4.0 × 10−4 1464 1.6 × 10−3 2888 5.0 × 10−7

TABLE 3.8: Cross sections (in pb) for the pair production of the VLQs for our
three benchmark scenarios. Masses are in GeV.

To this end, we calculate with MadGraph5 MC@NLO [118] the cross sections for the pair pro-
duction of U1, U2, D1 and D2. The results are presented in Table 3.8. By comparing these
numbers with the observed experimental 95% C.L. upper bounds on the signal cross section
from Ref. [115] (to give an example, σ

exp
95%(p p → T̄T) = 4× 10−3 pb for MVLQ = 1.5 TeV) we

conclude that our benchmark scenarios are indeed not excluded by the current LHC searches
for the VLQs, irrespectively of the actual sizes of their BRs.
It is instructive to investigate the prospects of testing our model in future runs at the LHC.
The total cross section for the VLQ pair production, followed by a decay into the third gen-
eration quarks and the EW gauge/Higgs bosons, can be expressed using the narrow width
approximation (NWA) as

σ̃
(

pp → QQ → f f VV
)
≈ σ

(
pp → QQ

)
BR (Q → f V)BR

(
Q → f V

)
, (3.59)

where Q = U1,2, D1,2, f = t, b and V = W, Z, h1. Under the assumption that BR (Q → f V) =

BR (Q → h1t/b)+BR (Q → Zt/b)+BR (Q → Wb/t) = 1, the cross section (3.59) reduces to
the signal cross section constrained by the experimental collaborations, σ

exp
95% ≈ σ

(
pp → QQ

)
.

If, on the other hand, the three BRs do not sum to one, we expect the resulting exclusion
bounds to be weaker than the bounds reported by ATLAS and CMS.
The lightest VLQ in our model, U1, is characterized by the following BRs:

BP1 : BR (U1 → h1t) = 0.188, BR (U1 → Zt) = 0.146, BR (U1 → Wb) = 0.040

BP2 : BR (U1 → h1t) = 0.135, BR (U1 → Zt) = 0.101, BR (U1 → Wb) = 0.044(3.60)

BP3 : BR (U1 → h1t) = 0.209, BR (U1 → Zt) = 0.165, BR (U1 → Wb) = 0.037
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FIGURE 3.4: Single production of the VLQs T and B via the EW gauge
boson exchange at the LHC, as considered by the ATLAS collaboration in

Refs. [119–121] for T and in Ref. [122] for B.

with the resulting cross sections σ̃BP1 = 1.8 × 10−4 pb, σ̃BP2 = 7.0 × 10−5 pb and σ̃BP3 =

3.0 × 10−4 pb. The second-to-the-lightest VLQ, D1, has

BP1 : BR (D1 → h1b) = 0.001, BR (D1 → Zb) = 0.001, BR (D1 → Wt) = 0.375

BP2 : BR (D1 → h1b) = 0.001, BR (D1 → Zb) = 0.001, BR (D1 → Wt) = 0.221(3.61)

BP3 : BR (D1 → h1b) = 0.001, BR (D1 → Zb) = 0.001, BR (D1 → Wt) = 0.387

with σ̃BP1 = 1.4 × 10−4 pb, σ̃BP2 = 4.1 × 10−5 pb and σ̃BP3 = 2.4 × 10−4 pb. We can thus
conclude that in order to probe the VL masses featured by our benchmark scenarios, at least
one order of magnitude enhancement of the experimental sensitivity in the VLQ searches is
required.
Finally, we analyze the possibility of testing the model via processes in which the VLQs are
produced one at the time. The single VL T quark production was analyzed by ATLAS in
Refs. [119–121], while the single VL B quark production in Ref. [122]. The corresponding
Feynman diagrams are shown in Fig. 3.4. The 95% C.L. experimental upper bounds on the
relevant signal cross sections are of the order (10−2 − 10−1) pb.
We calculated the cross sections for the VLQ single productions of our three benchmark
points using the NWA. The hadronic cross sections were obtained with MadGraph5 MC@NLO
and the BRs with SPheno. We found that the cross section for a single production of the VLQs
U1 is O(10−5) pb, while for D1 it amounts to O(10−7) pb. We can thus conclude that in our
model the single production is a less promising search strategy than the pair production.
This was to be expected as the single production is in general less competitive than the pair
production for the Yukawa couplings smaller than 1, see e.g. [123, 124].

3.1.7.2 Vector-like leptons

At the tree level, the VL leptons (VLLs) are pair produced at the LHC via the Drell-Yan
processes. The corresponding cross sections for our three benchmark scenarios are collected
in Table 3.9. The analysis of all the possible experimental signatures is in this case much
more involved than for the VLQs as the lepton decay BRs strongly depend on the presence
in the spectrum of the exotic scalars lighter than the VLLs. The following mass hierarchies
are observed:

BP1 : MN1,2 < Mh2 , Ma1 , Mh± < ME1 , MN3,4 < Ma2 < ME2 < Mh3

BP2 : MN1,2 < Mh2 , Ma1 , Mh± < ME1 , MN3,4 < Ma2 < ME2 < Mh3 (3.62)

BP3 : MN1,2 < Mh2 , Ma1 , Mh± < Ma2 < ME1 , MN3,4 < ME2 < Mh3 .

In all the cases the lightest VLLs, neutrinos N1,2, originate predominantly from the SU(2)L

singlets and their production cross section at the LHC is suppressed, O(10−5) pb.
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ME2 σ(pp →
Ē2E2)

ME1 σ(pp →
Ē1E1)

MN3,4 σ(pp →
N3,4N3,4)

σ(pp →
E1N3,4)

BP1 543 1.5 × 10−3 487 5.7 × 10−3 488 2.7 × 10−5 3.6 × 10−3

BP2 615 8.0 × 10−4 596 1.8 × 10−3 598 8.5 × 10−6 1.2 × 10−3

BP3 570 1.2 × 10−3 554 2.8 × 10−3 556 2.8 × 10−5 1.8 × 10−3

TABLE 3.9: Cross sections (in pb) for the pair production of the VLLs for our
three benchmark scenarios. Masses are in GeV.

The second-to-the-lightest VLLs, E1 and heavy neutrinos N3,4, come from the same SU(2)L

doublets and are almost degenerate in mass. Therefore, three production channels should be
considered simultaneously: p p → Z/γ → E1Ē1, p p → Z/γ → N3,4N3,4 and p p → W± →
E1N3,4. The dominant branching ratios for the subsequent decays of E1 and N3,4, evaluated
with SPheno, are collected in Table 3.10. In all three cases the VLLs decay predominantly to
the SM muons, which is a direct consequence of the fact that we impose ∆aµ as a constraint in
our likelihood function and the largish muon-lepton-scalar Yukawa couplings are preferred.
A closer look at Table 3.10 reveals that the relative strengths of various VLL decay channels
are, to some extent, scenario dependent. Moreover, the final experimental signatures hinge
on the subsequent decay channels of the scalar particles, which are also pretty complex (we
discuss it in more details in Sec. 3.1.7.3). As an example, let us consider a process p p →
E1 Ē1 → µ µ̄ a1 a1 for the benchmark scenario BP1. The lightest pseudoscalar can decay in
this case either to a b b̄ pair (with the BR of 28%) or to ν N1,2 (with the BR of 69%). The
decay of the heavy neutrinos then proceeds as N1,2 → e±/µ± W± with the BR of 56%, or
N1,2 → ν Z with the BR of 28%. We can thus expect the following distinctive experimental
signatures emerging from the p p → E1 Ē1 → µ µ̄ a1 a1 process: a) 2 muons + (b)-jets, b)
multileptons + missing energy, c) multileptons + jets + missing energy, with the total signal
cross section reduced w.r.t. the production cross section reported in Table 3.9 by the product
of the subsequent BRs.
To make the things even worse, there are not many LHC analysis that would explicitly look
for the VLLs. The only dedicated ATLAS search, based on the 139 fb−1 of data from the
13 TeV run [125], looks for the VLLs coupled predominantly to taus. The analogous CMS
analysis based on the 77.4 fb−1 of data can be found in Ref. [126]. The decay chains consid-
ered by the two collaborations are shown in Fig. 3.5. In both cases, the total cross sections
for the VLL production can be probed down to 10−3 pb (of course, the actual value is mass
dependent).
In our model all three benchmark scenarios feature very low BRs for E1 and N3,4 decaying
to taus, which do not exceed 10%. We can thus expect a strong suppression of the resulting

BR BP1 BR BP2 BR BP3

E1 → µ a1 37% E1 → µ a1 23% E1 → µ a1 21%
E1 → µ h2 37% E1 → µ h2 24% E1 → µ h2 25%

E1 → N1,2 W± 26% E1 → τ a1 11%

BR BP1 BR BP2 BR BP3

N3,4 → µ h± 70% N3,4 → µ h± 51% N3,4 → µ h± 56%
N3,4 → N1,2 Z 12%
N3,4 → N1,2 h1 11%

TABLE 3.10: Dominant BRs for the decays of E1 and N3,4.
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FIGURE 3.5: Pair production of the VLLs E1 and N3,4 at the LHC, as consid-
ered by the ATLAS [125] and CMS [126] collaborations.

signal w.r.t. the experimental analysis. Indeed, using the NWA the total cross section for the
process considered in Refs. [125] and [126] can be written as follows:

σ
(

p p → τ−τ+l−l+q q
)

≈ σ
(

p p → E1E1
)

BR
(
E1 → τ−l−l+

)
BR
(
E1 → τ+q q

)
+ σ (p p → E1N3,4)BR

(
E1 → τ−l−l+

)
BR
(

N3,4 → τ+q q
)

.(3.63)

Combining the cross sections from Table 3.9 with the relevant BRs calculated with SPheno,
we obtain

BP1 : σ (p p → τ−τ+l−l+q q) = 8.3 × 10−7 pb

BP2 : σ (p p → τ−τ+l−l+q q) = 8.1 × 10−6 pb (3.64)

BP3 : σ (p p → τ−τ+l−l+q q) = 5.3 × 10−7 pb .

If we now compare the predictions of Eq. (3.64) with the corresponding experimental 95%
C.L. exclusion cross sections from Ref. [125], we can conclude that the benchmark scenarios
identified in Sec. 3.1.6 are not excluded by the dedicated LHC searches for the VLLs.4 More-
over, it may also be challenging to test the VLL sector of our model in future runs at the LHC,
if no dedicated experimental strategies for the muon final state signatures are proposed.

3.1.7.3 Exotic scalars

Finally, we investigate the possibility of testing the predictions of our model via the LHC
searches in the scalar sector. There is a plethora of experimental analyses, both by ATLAS
and CMS, that look for the non-SM Higgs bosons (see Ref. [128] for a recent review in the
framework of the 2HDM). At the same time, in our benchmark scenarios the exotic scalars
can decay through a variety of channels (the dominant BRs, obtained with SPheno, are col-
lected in Table 3.11).
To facilitate the analysis, we use the publicly available code HiggsTools [129], a toolbox
for evaluating bounds from the direct searches for the exotic scalar particles at LEP and the
LHC, whose database contains 258 different limits. We find that all our benchmark scenarios
are tagged as “allowed” by HiggsTools.
It is instructive to take a closer look at the output of HiggsTools, as it indicates which
searches are most sensitive to the spectra featured by our best-fit scenarios. This is quan-
tified by a parameter called “observed ratio”, Robs, which is the ratio of the predicted cross
section and the experimental limit at the 95% C.L. The point in the parameter space is ex-
cluded if Robs > 1. We observe that the highest values of Robs (0.6 for BP1 and BP3, 0.14

4In principle, some of the SUSY searches looking for the chargino/neutralino production, e.g. Ref. [127], analyze
signatures that could be generated in our model. However, the resulting cross section for such a process is way too
low to allow the derivation of any constraints.
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Process BP1 BP2 BP3

a1 → ν N1,2 69% 82% 72%

a1 → b̄ b 28% 14% 25%

a2 → t̄ t 73% 73% 36%

a2 → b̄ b 15%

a2 → ν N1,2 46%

h2 → ν N1,2 69% 84% 72%

h2 → b̄ b 28% 14% 25%

h3 → t̄ t 50% 43% 34%

h3 → τ̄ E1 10% 9% 20%

h± → µ̄ N1,2 41% 51% 48%

h± → ē N1,2 34% 30% 26%

h± → b̄ t 19% 13% 19%

TABLE 3.11: Dominant BRs (> 5%) for the decays of the exotic scalars.

for BP2) are reached for the h2 → τ+τ− and a1 → τ+τ− decays constrained by the ATLAS
139 fb−1 analysis [130], despite very low decay BRs in this channel.
To investigate it in more details, we calculated the a1/h2 → τ+τ− cross sections with
MadGraph5 MC@NLO. The results are reported in the last three columns of Table 3.12. These
are to be compared with the 95% C.L. experimental lower bounds on the cross section re-
ported in the third column of Table 3.12. We find a very good agreement with the output
of HiggsTools in terms of the parameter Robs, thus confirming that the decays of the exotic
scalars into taus are going to be the most promising way of testing the predictions of the
model at the LHC.
In Table 3.12 we also present other decay channels of a1 and h2 that feature the high sensitiv-
ity. While the current experimental bounds on those searches are weaker that those relative
to the τ−τ+ final state, they may offer complementary signatures of the model in future LHC
runs.
Incidentally, note that the BRs for the decays of h2 and a1 to the EW gauge bosons, γγ, ZZ
and WW, are O(10−8) and O(10−9), respectively, which is orders of magnitude below the
current experimental bounds.
Finally, let us comment on the possibility of testing the a1/h2 → t+t− decay through the
measurement of an effective coupling ga1/h2tt. This scenario was investigated by CMS in
Ref. [131]. Comparing the values of the ga1/h2tt coupling evaluated with SPheno (0.084 for
BP2, 0.096 for BP3) with the experimental 95% C.L. upper bounds (0.80 for BP2 and 0.70 for
BP3)5 we conclude that no additional constraint on our model arises from this particular
search.

3.1.8 Conclusions

In this study, we performed a global analysis of an extension of the SM which contains one
full family of VL fermions, an extra SU(2)L scalar doublet and an SU(2)L scalar singlet. It
also features a U(1)X global symmetry spontaneously broken by the singlet scalar vev. This

5The CMS analysis [131] does not cover the scalar masses below 400 GeV.
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Channel Experiment σ
exp
95% (BP1, BP2, BP3) σBP1 σBP2 σBP3

a1/h2 → τ+τ− CMS [132] 0.060 0.030 0.020
0.037 0.004 0.011

ATLAS [130] 0.050 0.020 0.016

a1/h2 → µ+µ− CMS [133] 0.007 0.006 0.005
1.3 × 10−4 1.4 × 10−5 4.4 × 10−5

ATLAS [134] 0.009 0.004 0.003

a1/h2 → b+b−
CMS [135] 6.0 3.5 3.0

0.554 0.061 0.061
ATLAS [136] − − −

h± → t̄b
CMS [137] 0.40 0.30 0.25

7.6 × 10−3 2.1 × 10−3 4.5 × 10−3

ATLAS [138] 0.45 0.30 0.25

TABLE 3.12: An overview of the LHC scalar searches which present the
highest sensitivity to the benchmark scenarios identified in Sec. 3.1.6. The
columns show, respectively, the decay channel, the experimental analyses in-
vestigating this channel, the experimental 95% C.L. upper bound on the cross
section for the mass corresponding to the mass of the scalar in a benchmark

scenario, the actual cross section calculated in the benchmark scenario.

scenario was originally proposed in Ref. [58] to generate the masses of the third and the
second family of the SM fermions, as well as to account correctly for their mixing patterns.
In our analysis we confronted the model with the experimental bounds from the flavor
physics observables, which include the anomalous magnetic moment of the muon and the
rare decays of the tau lepton. Additionally, the model was subjected to the theoretical con-
straints stemming from the stability of the scalar potential and from the perturbativity of the
renormalized couplings. Importantly, we revisited and corrected the bounded-from-below
and the alignment limits, which in the context of the same model were previously discussed
in Refs. [60, 61]. In particular, we showed that additional constraints on the quartic cou-
plings arise if the full three-scalar potential is considered. We also argued that the perturba-
tivity bounds should not be imposed on the low-scale parameters of the lagrangian but on
the running couplings evaluated at the renormalisation scale which sets an upper limit of
the model’s validity. These RG-based perturbativity conditions require the low-scale scalar
couplings to be smaller than 2 and the Yukawa couplings smaller than 1.5.
With all the constraints in place, we performed a numerical scan of the model’s parame-
ter space and we identified three benchmark scenarios that satisfied all the theoretical and
experimental requirements. One distinctive feature of these solutions is that the charged
scalar/heavy neutrino loops provide dominant contributions to the observable ∆aµ. This
finding is qualitatively different from the conclusions obtained in Refs. [60, 61] where only
the charged lepton loops were considered. We would like to emphasize that the dominance
of the heavy neutrino contribution to ∆aµ is a generic characteristic of the model and not
a mere artifact of the specific benchmark scenarios. The main reason behind this feature
is that the same coupling which generates the neutral scalar/charged lepton loops is also
responsible for the correct tree-level mass of the muon and thus it is required to be small.
We also performed a detailed LHC analysis of our three best-fit scenarios. We investigated
the experimental constraints stemming from the direct searches for VLQs, VLLs and exotic
scalars. We found that none of the currently available exclusion bounds can test the spectra
featured by the benchmark scenarios. This provides a proof of concept that the model in
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study is feasible as an explanation of both the SM masses and mixings and of the relevant
experimental phenomena.
Regarding future prospects for experimental verification of the model, several observations
can be made. Firstly, both charged and neutral VLLs decay predominantly to muons in our
framework. On the other hand, all currently available LHC analyses focus on taus in the final
state, for which the cross sections obtained in our model are several orders of magnitude
below the experimental sensitivity. Therefore, we would like to encourage the experimental
collaborations to provide dedicated analyses of the VLLs coupled to the second family of
the SM fermions. Such a study would not only allow to test the predictions of our model,
but it would prove very useful in any phenomenological research that aims at explaining the
muon (g − 2) anomaly in a NP framework with the VLLs.
Secondly, the experimental searches for the VLQs can become a fruitful testing ground for
our model already in the current run of the LHC. The cross sections for the pair production
of VLQs featured by the benchmark scenarios are one order of magnitude smaller than the
current experimental upper bounds and should be in reach of the dedicated VLQs searches
based on the larger data samples.
Finally, we observed that the most constraining decay channel for the exotic scalars is a1/h2 →
τ+τ−, for which the ratio of the predicted to the experimental cross sections is close to 1. It
may thus provide complementary signatures of our model in future runs at the LHC.
However, the ultimate verification of the NP scenario considered in this study may come
from the flavor physics. The Belle-II collaboration plans on improving, by at least one or-
der of magnitude, their experimental bounds on the rare leptonic decays of the tau lepton.
As the corresponding branching ratios featured by our three benchmark scenarios are very
close to the current 90% C.L. exclusion limits, the rare decays could be the first experimental
signatures to be tested.

Appendix 3.A: Fermion mass matrices

Charged leptons The mass matrix for the charged leptons, Me, can be derived from Eq. (3.1)
after identifying the generic fermions ψ with the corresponding lepton fields from Table 3.1
and the generic scalar H with Hd. One thus has

ψiR = eiR, ψiL = LiL, ψ4R = e4R, ψ4L = L4L, ψ̃4R = L̃4R, ψ̃4L = ẽ4L

(3.65)
with the following components of the SU(2)L doublets: LiL = (νiL, eiL)

T , L4L = (ν4L, e4L)
T

and L̃4R = (ν̃4R, ẽ4R)
T . As a result, the mass matrix reads

Me =



e1R e2R e3R e4R ẽ4R

e1L 0 0 0 0 0

e2L 0 0 0 ye
24

vd√
2

0

e3L 0 0 0 ye
34

vd√
2

−xL
34

vϕ√
2

e4L 0 0 ye
43

vd√
2

0 −ML
4

ẽ4L 0 xe
42

vϕ√
2

xe
43

vϕ√
2

Me
4 0


, (3.66)

where ML
4 (Me

4) denotes the mass of the VL lepton doublet (singlet) and xL
34 ≡ xe

34. To
facilitate the comparison with the corresponding mass matrix defined in SARAH, we adopt
the sign convention used in the code. Note, however, that such a choice does not affect the
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conclusions drawn in our study as we allow all the Yukawa couplings and all the VL mass
parameters to assume both positive and negative values in our numerical scan.
The 5 × 5 charged lepton mass matrix Me can be diagonalized by means of two unitary
transformations Ve

L and Ve
R,

Ve
LMeVe†

R = diag
(
0, mµ, mτ , ME1 , ME2

)
. (3.67)

In Sec. 3.1.2 the approximate expressions for the eigenvalues mµ and mτ were provided in
Eq. (3.6), whereas the analogous formulae for the eigenvalues ME1 and ME2 were given in
Eq. (3.11). While those equations are very useful to get a general idea on which lagrangian
parameters are relevant for generating the physical charged lepton masses, in our numerical
analysis we diagonalize all the fermion mass matrices numerically, employing the SPheno
code generated by SARAH.

Up-type quarks In analogy to the charged lepton sector, the mass matrix for the up-type
quarks, Mu, can be derived from Eq. (3.1) after taking H = Hu and making the following
identification:

ψiR = uiR, ψiL = QiL, ψ4R = u4R, ψ4L = Q4L, ψ̃4R = Q̃4R, ψ̃4L = ũ4L .
(3.68)

In Eq. (3.68) the SU(2)L doublets have the following components: QiL = (uiL, diL)
T , Q4L =

(u4L, d4L)
T and Q̃4R = (ũ4R, d̃4R)

T . The corresponding mass matrix with the SARAH sign
convention reads

Mu =



u1R u2R u3R u4R ũ4R

u1L 0 0 0 0 0

u2L 0 0 0 −yu
24

vu√
2

0

u3L 0 0 0 −yu
34

vu√
2

xQ
34

vϕ√
2

u4L 0 0 −yu
43

vu√
2

0 −MQ
4

ũ4L 0 xu
42

vϕ√
2

xu
43

vϕ√
2

Mu
4 0


, (3.69)

with xQ
34 ≡ xu

34. The up-type quark mass matrix Mu can be diagonalized via the mixing
matrices Vu

L and Vu
R as

Vu
L MuVu†

R = diag
(
0, mc, mt, MU1 , MU2

)
. (3.70)

The approximate expressions for the eigenvalues mc and mt can be found in Eq. (3.4), and
for the eigenvalues MU1 and MU2 in Eqs. (3.8) and (3.9), respectively.

Down-type quarks The down-type quark lagrangian can be obtained from the generic
lagrangian (3.1) by taking H = Hd and making the following replacements of the fermion
fields,

ψiR = diR, ψiL = QiL, ψ4R = d4R, ψ4L = Q4L, ψ̃4R = Q̃4R, ψ̃4L = d̃4L .
(3.71)



Chapter 3. Phenomenological approach to VLF 57

The corresponding down-type quark mass matrix with the SARAH sign convention reads

Md =



d1R d2R d3R d4R d̃4R

d1L 0 0 0 yd
14

vd√
2

0

d2L 0 0 0 yd
24

vd√
2

0

d3L 0 0 0 yd
34

vd√
2

−xQ
34

vϕ√
2

d4L 0 0 yd
43

vd√
2

0 MQ
4

d̃4L 0 xd
42

vϕ√
2

xd
43

vϕ√
2

Md
4 0


. (3.72)

Note that, unlike in the case of the up-type quarks and charged leptons, it is impossible to
rotate away the (1, 4) element of the matrix Md. The reason is that the mixing between the
SM doublets Q1L and Q2L has already been used in the up-quark sector to rotate away the
corresponding entry of Mu [58]. As a result, the Yukawa coupling yd

14 is present in Md. The
down-type quark mass matrix can be diagonalized by the unitary matrices Vd

L and Vd
R,

Vd
LMdVd†

R = diag
(
0, ms, mb, MD1 , MD2

)
. (3.73)

The approximate formulae for the eigenvalues ms and mb can be found in Eq. (3.5), and for
the eigenvalues MD1 and MD2 in Eq. (3.10).
Incidentally, the presence of the matrix element yd

14vd has important consequences for the
phenomenology of the model defined in Table 3.1. As it was discussed in Sec. 3.1.2, the first
generation of the SM fermions remains massless if only one complete VL family is added
to the spectrum. On the other hand, the mixing of the d quark with the strange and bottom
quarks is mediated by yd

14vd. As a result, the full CKM matrix can be generated in this setup
and one needs to include its elements in the global fit.

Neutrino sector Finally, we discuss the neutrino mass matrix which emerges from the par-
ticle content given in Table 3.1. The corresponding lagrangian can be deduced from Eq. (3.1)
after the following identification:

ψiL = LiL, ψ4R = ν4R, ψ4L = L4L, ψ̃4R = L̃4R, ψ̃4L = ν̃4L, H = Hu ,
(3.74)

where the SU(2)L doublets LiL, L4L and L̃4R are defined above. Note that since there is no νiR

field in our model, the couplings yν
4j and xν

4j vanish. On the other hand, the VL neutrino ν4R

is a singlet under the SM gauge symmetry, so an extra term with H∗
d replacing Hu arises. In

the end, the neutrino lagrangian reads:

LYukawa
ren,ν = yν

i4LiL Huν4R + xL
i4LiLϕL̃4R + y′νi4 LiLH∗

d ν̃4L + ML
4 L4L L̃4R + Mν

4 ν̃4Lν4R + h. c. .
(3.75)
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Eq. (3.75) defines a mixed Majorana-Dirac neutrino sector, which after the EWSB gives rise
to a 7 × 7 Majorana neutrino mass matrix

Mν =



ν1L ν2L ν3L ν4L ν4R ν̃4L ν̃4R

ν1L 0 0 0 0 −yν
14

vu√
2

y′ν14
vd√

2
0

ν2L 0 0 0 0 −yν
24

vu√
2

y′ν24
vd√

2
0

ν3L 0 0 0 0 −yν
34

vu√
2

y′ν34
vd√

2
xL

34
vϕ√

2

ν4L 0 0 0 0 0 0 ML
4

ν4R −yν
14

vu√
2

−yν
24

vu√
2

−yν
34

vu√
2

0 0 Mν
4 0

ν̃4L y′ν14
vd√

2
y′ν24

vd√
2

y′ν34
vd√

2
0 Mν

4 0 0

ν̃4R 0 0 xL
34

vϕ√
2

ML
4 0 0 0



, (3.76)

where once again we chose to work with the SARAH sign convention.
The neutrino mass matrix is symmetric, it can thus be diagonalized via an orthogonal mixing
matrix Vν,

VνMνVν† = diag
(
0, mν2 , mν3 , MN1 , MN2 , MN3 , MN4

)
. (3.77)

Appendix 3.B: Scalar mass matrices

In this Appendix we collect the explicit formulae for the scalar mass matrices derived from
the scalar potential (3.19) under the spontaneous symmetry breaking conditions (3.3).
The CP-even scalar mass matrix in the basis (Re H0

u, Re H0
d , Re ϕ) evaluated at the vacuum

reads

M2
CP-even =


λ1v2

u − λ5
vdv2

ϕ

4vu
λ3vuvd + λ5

v2
ϕ

4 λ7vuvϕ + λ5
vdvϕ

2

λ3vuvd + λ5
v2

ϕ

4 λ2v2
d − λ5

vuv2
ϕ

4vd
λ8vdvϕ + λ5

vuvϕ

2

λ7vuvϕ + λ5
vdvϕ

2 λ8vdvϕ + λ5
vuvϕ

2 λ6v2
ϕ

 . (3.78)

The matrix (3.78) can be diagonalized by an orthogonal matrix Rh parameterized with three
mixing angles. We will denote them as α12 for the (Hu, Hd) mixing, α13 for the (Hu, ϕ) mix-
ing, and α23 for the (Hd, ϕ) mixing. In this parametrization, the mixing matrix Rh is given
by

Rh =

 c12c13 s12c13 s13

−s12c23 − c12s13s23 c12c23 − s12s13s23 c13s23

s12s23 − c12s13c23 −c12s23 − s12s13c23 c13c23

 , (3.79)

with the standard notation sij = sin αij and cij = cos αij.
The elements of the matrix Rh determine the couplings of the physical Higgs bosons with the
SM particles. It is convenient to define a reduced coupling as the ratio between the coupling
of the physical Higgs scalar hi and the corresponding coupling of the SM Higgs,

chiXX =
ghiXX

ghSMXX
, (3.80)

where X stands for the SM fermions and gauge bosons. For the model defined in Table 3.1,
the reduced couplings to quarks and charged leptons are given by

chitt =
(Rh)i1
sin β

, chibb =
(Rh)i2
cos β

chiττ =
(Rh)i2
cos β

, (3.81)
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while the reduced couplings to the EW gauge bosons read

chiZZ = chiWW = (Rh)i1 sin β + (Rh)i2 cos β . (3.82)

In this study we choose to work in the alignment limit, which is defined as a set of constraints
on the quartic couplings λi under which the lightest CP-even scalar h1 has the same tree-level
couplings with the SM particles as the SM Higgs. This means that the reduced couplings to
fermions should be very close to 1,

cos α12 cos α13

sin β
≈ 1,

sin α12 cos α13

cos β
≈ 1 . (3.83)

It can be easily verify that Eq. (3.83) leads to the following conditions on the CP-even scalars
mixing angles,

α12 + β =
π

2
+ n π, α13 = 2 nπ , with n = 0, 1, 2 . . . (3.84)

indicating no mixing between the doublet Hu and the singlet ϕ. In this setting, the two
SU(2)L scalar doublets mix with the mixing angle π

2 − β, while the doublet Hd mixes with
the singlet ϕ with the mixing angle α23. The CP-even scalars mixing matrix thus reduces to

Ralignment
h =

 sβ cβ 0
−cβc23 sβc23 s23

cβs23 −sβs23 c23

 =

 1 0 0
0 c23 s23

0 −s23 c23

×

 sβ cβ 0
−cβ sβ 0

0 0 1

 .

(3.85)
The alignment conditions (3.83) translates into the non-trivial relations between the scalar
potential couplings,

λ8 c2
β + λ7 s2

β + λ5 sβcβ = 0 (3.86)

λ2 c2
β − λ1 s2

β − λ3(c2
β − s2

β) = 0 . (3.87)

The CP-odd mass matrix in the basis
(
Im H0

u, Im H0
d , Im ϕ

)
reads

M2
CP-odd = −λ5


vdv2

ϕ

4vu

v2
ϕ

4
vdvϕ

2
v2

ϕ

4
vuv2

ϕ

4vd

vuvϕ

2
vdvϕ

2
vuvϕ

2 vuvd − 2 µ2
sb

λ5

 . (3.88)

Finally, the charged scalar mass matrix is given by

M2
Charged =

 λ4
v2

d
2 − λ5

vdv2
ϕ

4vu
λ4

vuvd
2 − λ5

v2
ϕ

4

λ4
vuvd

2 − λ5
v2

ϕ

4 λ4
v2

u
2 − λ5

vuv2
ϕ

4vd

 . (3.89)

Appendix 3.C: Derivation of the bounded-from-below conditions

In this Appendix, we derive the scalar potential bounded-from-below conditions shown in
Eq. (3.36). In doing so, we follow the approach of Ref. [139] and we extend it to the three-
field case.
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In order to determine the shape of the scalar potential (3.19) in the limit of the large fields, it
is enough to investigate the behavior of the quartic terms,

V4 =
1
2

λ1(H†
u Hu)

2 +
1
2

λ2(H†
d Hd)

2 + λ3(H†
u Hu)(H†

d Hd) + λ4(H†
u Hd)(H†

d Hu)

− 1
2

λ5(ϵijHi
u H j

dϕ2 + H. c.) +
1
2

λ6(ϕ
∗ϕ)2 + λ7(ϕ

∗ϕ)(H†
u Hu) + λ8(ϕ

∗ϕ)(H†
d Hd).

(3.90)

It is convenient to parameterize each quartic term in the following way,

a = H†
u Hu

b = H†
d Hd

c = ϕ∗ϕ

d = Re H†
u Hd

e = Im H†
u Hd

f = Re ϵijHi
u H j

dϕ2

g = Im ϵij Hi
uH j

dϕ2 .

(3.91)

To make our results more general, we allow λ5 to be complex. Note that a, b, c ≥ 0 by
definition, and

a b ≥ d2 + e2

a b c2 ≥ f 2 + g2 ≥ 2 f g.
(3.92)

In terms of the new parameters, the scalar potential (3.90) can be rewritten as

V4 =
1
4

(√
λ1a −

√
λ2b
)2

+

(
1
2

√
λ1λ2 + λ3

)
a b

+
1
4

(√
λ1a −

√
λ6c
)2

+

(
1
2

√
λ1λ6 + λ7

)
a c

+
1
4

(√
λ2b −

√
λ6c
)2

+

(
1
2

√
λ2λ6 + λ8

)
b c

+ λ4

(
d2 + e2

)
− (Re λ5 f − Im λ5g) .

(3.93)

We are now ready to analyze the asymptotic behaviour of the potential (3.93) in different
field directions.

a = 0.
The parameters d, e, f , g automatically vanish, see Eq. (3.92), and the global potential reduces
to

V4 (a = d = e = f = g = 0) =
1
2

(√
λ2b −

√
λ6c
)2

+
(

λ8 +
√

λ2λ6

)
bc , (3.94)

giving rise to the condition
λ8 +

√
λ2λ6 > 0. (3.95)

b = 0.
In analogy to the previous case, one obtains

V4 (b = d = e = f = g = 0) =
1
2

(√
λ1a −

√
λ6c
)2

+
(

λ7 +
√

λ1λ6

)
ac, (3.96)
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which gives
λ7 +

√
λ1λ6 > 0. (3.97)

c = 0.
This time, only the parameters f and g vanish and the reduced scalar potential reads

V4 (c = f = g = 0) =
1
2

(√
λ1a −

√
λ2b
)2

+
(

λ3 +
√

λ1λ2

)
ab + λ4

(
d2 + e2

)
. (3.98)

In order to determine the fate of the scalar potential V4 at the large field values, we need
to analyze additional directions in the field space. We first choose a direction along which

a =
√

λ2
λ1

b and d = e = 0. Inserting these expressions into Eq. (3.98), we arrive to the
following condition

λ3 +
√

λ1λ2 > 0. (3.99)

Choosing another direction, a =
√

λ2
λ1

b and ab = d2 + e2, we obtain

λ3 + λ4 +
√

λ1λ2 > 0. (3.100)

a =
√

λ6
λ1

c, b =
√

λ6
λ2

c.
Under this assumption the scalar potential (3.93) reduces to

V4 = λac2 + λ4

(
d2 + e2

)
− (Re λ5 f − Im λ5g) , (3.101)

where one defines
λa =

3
2

λ6 + λ3
λ6√
λ1λ2

+ λ7
λ6

λ1
+ λ8

λ6

λ2
. (3.102)

From Eq. (3.92) one has

c2 ≥ f 2 + g2

d2 + e2 , (3.103)

leading to

V4 ≥ λa
f 2 + g2

d2 + e2 + λ4

(
d2 + e2

)
−
(
Re λ5 f − Im λ′

5, g
)

. (3.104)

The r.h.s. of Eq. (3.104) can now be rewritten as

R.H.S =

(
f − Re λ5

c1

)2
+

(
g +

Im λ5

c1

)2
− 1

4c1

(
(Re λ5)

2 + (Im λ5)
2
)
+ λ4

(
d2 + e2

)
,

(3.105)
where

c1 =
λa

d2 + e2 . (3.106)

Choosing an additional direction in the field space, f = Re λ5
c1

and g = − Im λ5
c1

, we can derive
the following condition,

−1
4
(Re λ5)

2 + (Im λ5)
2

λa
+ λ4 > 0 . (3.107)

Finally, let us rewrite the r.h.s. of Eq. (3.104) in yet another way,

R.H.S =

( √
c2√

d2 + e2
−
√

λ4 (d2 + e2)

)2

+ 2
√

c2λ4 − (Re λ5 f − Im λ5g) , (3.108)
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where
c2 = λa

(
f 2 + g2

)
, λb =

√
λaλ4 . (3.109)

Analyzing the quartic potential along the direction
√

c2 =
√

λ4(d2 + f 2), we obtain

V4 ≥
(

4λ2
b − (Re λ5)

2 + Re λ5 Im λ5

)
f 2 +

(
4λ2

b − (Im λ5)
2 + Re λ5 Im λ5

)
g2 , (3.110)

leading straightforwardly to the last two conditions,

4λ2
b − (Re λ5)

2 + Re λ5 Im λ5 > 0

4λ2
b − (Im λ5)

2 + Re λ5 Im λ5 > 0.
(3.111)

Appendix 3.D: Renormalisation group equations

In this Appendix, we collect the one-loop RGEs of our model computed with SARAH [107,
108]. We denote

β(X) ≡ µ
dX
dµ

≡ 1
16π2 β(1)(X) . (3.112)

β(1)(g1) =
103g3

1
15

(3.113)

β(1)(g2) = −
g3

2
3

(3.114)

β(1)(g3) = −
13g3

3
3

(3.115)

β(1)(λ1) = −9
5

g2
1λ1 − 9g2

2λ1 +
27g4

1
100

+
9g4

2
4

+
9

10
g2

1g2
2 + 12λ2

1 + 4λ2
3 + 2λ2

4 + 2λ2
7 + 4λ3λ4

+ 12λ1(yu
43)

2 + 12λ1

[
(yu

24)
2 + (yu

34)
2
]
− 12(yu

43)
4 − 12

[
(yu

24)
2 + (yu

34)
2
]

2

+ 4λ1

[
(yν

14)
2 + (yν

24)
2 + (yν

34)
2
]
− 4

[
(yν

14)
2 + (yν

24)
2 + (yν

34)
2
]2

(3.116)

β(1)(λ2) = −9
5

g2
1λ2 − 9g2

2λ2 +
27g4

1
100

+
9g4

2
4

+
9

10
g2

1g2
2 + 12λ2

2 + 4λ2
3 + 2λ2

4 + 2λ2
8 + 4λ3λ4

+ 12λ2(yd
43)

2 + 12λ2

[
(yd

14)
2 + (yd

24)
2 + (yd

34)
2
]
− 12(yd

43)
4 − 12

[
(yd

14)
2 + (yd

24)
2 + (yd

34)
2
]

2

+ 4λ2(ye
43)

2 + 4λ2

[
(ye

24)
2 + (ye

34)
2
]
− 4(ye

43)
4 − 4

[
(ye

24)
2 + (ye

34)
2
]

2

+ 4λ2

[
(xν

14)
2 + (xν

24)
2 + (xν

34)
2
]
− 4

[
(xν

14)
2 + (xν

24)
2 + (xν

34)
2
]

2 (3.117)

β(1)(λ3) = −9
5

g2
1λ3 − 9g2

2λ3 +
27g4

1
100

+
9g4

2
4

+
9

10
g2

1g2
2 + 4λ2

3 + 2λ2
4 + λ2

5 + 6λ1λ3 + 6λ2λ3 + 2λ1λ4

+ 2λ2λ4 + 2λ7λ8 + 6λ3(yd
43)

2 + 6λ3

[
(yd

14)
2 + (yd

24)
2 + (yd

34)
2
]
+ 2λ3

[
(ye

24)
2 + (ye

34)
2
]

+ 2λ3(ye
43)

2 + 6λ3(yu
43)

2 + 6λ3

[
(yu

24)
2 + (yu

34)
2
]
+ 2λ3

[
(xν

14)
2 + (xν

24)
2 + (xν

34)
2
]

− 4 [xν
14yν

14 + xν
24yν

24 + xν
34yν

34]
2 + 2λ3

[
(yν

14)
2 + (yν

24)
2 + (yν

34)
2
]

(3.118)

β(1)(λ4) = −9
5

g2
1λ4 − 9g2

2λ4 −
9
5

g2
1g2

2 + 4λ2
4 − λ2

5 + 2λ1λ4 + 2λ2λ4 + 8λ3λ4 + 6λ4(yu
43)

2 + 6λ4(yd
43)

2

+ 6λ4

[
(yu

24)
2 + (yu

34)
2
]
− 12(yd

43)
2(yu

43)
2 − 12

[
yd

24yu
24 + yd

34yu
34

]
2 + 6λ4

[
(yd

14)
2 + (yd

24)
2 + (yd

34)
2
]
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4
Theoretical approach to VLF

After the phenomenological analysis of VLFs in the previous chapter, we now shift to a more
theoretical perspective. This chapter explores the UV behavior of gauge theories with VLFs
using FRG techniques. In particular, we study a toy model consisting of an infinite number
of quarks and gluons in the large-NF, large-Nc limit with fixed ratio. This setup enables
a non-perturbative analysis of the RG flow and the identification of interacting UV fixed
points.

4.1 Non-perturbative fixed point of gauge-Yukawa theories

This chapter is based on a work that will soon appear on the ArXiv, performed in
collaboration with D. Litim and T. Büyükbese.

4.1.1 Introduction

UV fixed points are essential in providing a rigorous foundation for QFTs. Their presence
guarantees UV completeness, ensuring that theories remain predictive and mathematically
consistent at arbitrarily high energies. This contrasts with effective field theories, which
lose their predictive power beyond specific energy thresholds. Analogous to critical points
observed in continuous phase transitions in condensed matter physics, UV fixed points in
particle physics often indicate an underlying conformal field theory. Historically, the exis-
tence of non-interacting UV fixed points – known as asymptotic freedom – has been well-
established. More recently, however, the identification of interacting UV fixed points, termed
AS, has significantly broadened the landscape, prompting extensive exploration of potential
UV-complete theories BSM.

A notable example of a UV-complete particle theory featuring an interacting fixed point is
provided by a model consisting of NF fermions interacting with SU(Nc) gauge fields and
scalar fields through gauge and Yukawa couplings [140]. In scenarios lacking asymptotic
freedom, quantum fluctuations play a crucial role, balancing the growth in gauge coupling
via the Yukawa interactions and thereby stabilizing the theory at an interacting UV fixed
point. Perturbative control over this fixed point is achieved in the large-N limit, where de-
tailed properties of the theory can be systematically calculated using perturbation theory.
The small parameter facilitating this perturbative approach is called Veneziano parameter and
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it is defined as ϵ = NF/Nc − 11/2. To date, precise computations of critical couplings,
scaling exponents, and the extent of the "conformal window" have been carried out up to
third-order accuracy in ϵ [141].

In this work, the inclusion of an infinite set of perturbative non-renormalisable operators is
considered in the EAA, and the UV fixed point of corresponding couplings are computed
at leading order in the Veneziano parameter ϵ. Incidentally, the leading order power scales
with the canonical mass dimension of the operator under consideration, with anomalous
dimension giving a sub-leading effect. Because of such power counting argument, it is pos-
sible to re-sum this infinite tower of operators into a closed form.

The chapter is structured as follows: after introducing the renormalisable version of the
model and reporting the main results of the perturbative calculations in 4.1.2, we extend the
model by including beyond marginal operators in 4.1.3 and compute their flow equation. In
4.1.4, the fixed point solution is computed analytically and numerically, explicitly showing
the power counting argument aforementioned. In 4.1.5 the anomalous dimensions of the
operators is computed and in 4.1.6 a closed form of the scalar potential is given. Conclusions
are given in 4.1.7.

4.1.2 Model

Let us consider a four-dimensional QFT with SU(Nc) gauge group, NF coloured quark-like
fermion and a complex uncharged scalar. The theory has a global U(NF)L ×U(NF)R flavour
symmetry. The most generic perturbatively renormalizable Lagrangian is then:

L =− 1
2
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(

ψ̄L HψR + ψ̄RH†ψL

)
,

(4.1)

where ψ = ψL + ψR is understood and the trace Tr is to be intended over all the internal
indices. The fixed points of the Lagrangian (4.1) have been studied within the perturbative
expansion in [140–142]. In [140] the four marginal couplings given by the gauge coupling,
the Yukawa coupling, the "single trace" and the "double trace" have been rescale respectively
as

αg =
g2Nc

4π2 , αy =
y2Nc

4π2 , αu =
uNF

4π2 , αv =
vN2

F
4π2 , (4.2)

so that the proper power of NF and Nc is taken into account. The Veneziano parameter

ϵ =
NF
Nc

− 11
2

(4.3)

was introduced and the limit in which both NF and Nc are large while their ratio is fixed has
been employed. In such limit, it is possible to show that the theory at the UV fixed point is
parametric in ϵ. Even more interestingly, it was shown PT can be traded for a power series
expansion in ϵ. The widely used terminology and systematic in PT with Veneziano limit is
detailed e.g. in [141]: the zero-th order ϵ0 corresponds to the loop order 100, where no fixed
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point is present. The leading order ϵ1 corresponds to 211 loop expansion and this is the
lowest order where a fixed point appears, as described in [140]. The next-to-leading order
ϵ2 relates to the 322 loop expansion and this is the first non-trivial order where bounds on
the conformal window arise [142]. Finally, the next-to-next-to-leading order, ϵ3, has been
recently studied in [141], modifying the previous bounds on the conformal window. This
way, the interacting fixed point for the couplings in equation 4.2 is given by:

αg = +0.456ϵ + 0.781ϵ2 + 6.610ϵ3 ,

αy = +0.211ϵ + 0.508ϵ2 + 3.322ϵ3 ,

αu = +0.200ϵ + 0.440ϵ2 + 2.693ϵ3 ,

αv = −0.137ϵ − 0.632ϵ2 − 4.313ϵ3 .

(4.4)

The structure of the fixed point is then determined by linearizing the system of RGEs. Let
us define {αi} as the set of all coupling constants in the theory. One thus computes in the
vicinity of the fixed point the stability matrix Mij :

Mkj =

[
∂βk(αi)

∂αj

]
αi=α∗i

, (4.5)

whose eigenvalues define the opposite of the critical exponents θi. If θi > 0 the correspond-
ing eigendirection is UV-attractive and dubbed as relevant. All RG trajectories along this
direction asymptotically reach the fixed point, thus a deviation of a relevant coupling from
the fixed point introduces a free parameter in the theory. One can then use this freedom to
adjust the coupling at some high trans-Planckian scale to match an eventual measurement in
the IR. If θi < 0 is negative, the corresponding eigendirection is UV-repulsive and dubbed as
irrelevant. In such a case only one trajectory exists that the coupling’s flow can follow towards
the IR, thus providing potentially a specific prediction for its value at the experimentally ac-
cessible scale. Finally, θi = 0 corresponds to a marginal eigendirection characterized by the
RG flow that is logarithmically slow and one needs to go beyond the linear approximation
to determine whether a fixed point is attractive or repulsive.
The critical exponent of this model have been computed in previously mentioned works and
here we report the result at 433 loop accuracy:

θ1 = +0.608 ϵ2 − 0.707 ϵ3 − 6.947 ϵ4,

θ2 = −2.737 ϵ − 6.676 ϵ2 − 22.120 ϵ3,

θ3 = −2.941 ϵ − 1.041 ϵ2 − 5.137 ϵ3,

θ4 = −4.039 ϵ − 9.107 ϵ2 − 38.646 ϵ3.

(4.6)

The theory has a single relevant eigenvalue, while the other three are irrelevant. As already
mentioned, we only consider the LO in ϵ for our analysis, while NLO and NNLO calcula-
tions will be studied in future works.
As it will become important later, we provide results for the anomalous dimensions associ-
ated with the fermions and scalars [140]. We report here the 1-loop results for the anomalous
dimensions

γH = αy γQ =

(
11
2

+ ϵ

)
αy , (4.7)
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Next, we report the anomalous dimension for the scalar mass term from the composite op-
erator Tr(H† H) at 1-loop:

γρ ≡ d ln M2

d ln µ
= 8αu + 4αv + 2αy , (4.8)

as well as the anomalous dimension for the composite operator Tr(H† H)2 at 1-loop:

γτ = −8αv . (4.9)

At the classical level, the moduli space has been studied in [140], and here we report the
main results. The scalar potential

V = u Tr
(

H† H
)2

+ v
(

Tr H†H
)2

(4.10)

can be studied at a classical field configuration Hc = diag(h1, ..., hNF ) after a chiral U(NF)L ×
U(NF)R rotation

V = u
NF

∑
i=1

h4
i + v

(
NF

∑
i=1

h2
i

)
. (4.11)

Extremising such potential and requiring vacuum stability gives two possible solutions. The
first solution is obtained for a field configuration h1 = 1, hi>1 = 0, provided that u < 0
and v + u ≥ 0. As we will see later when studying the theory at the UV fixed point, such
condition is not met, as u > 0. The second solution is given by all fields being equal, hi = 1,
provided that u ≥ 0 and (NF v) + u ≥ 0. Vacuum stability at the UV fixed point translates
into the following conditions:

Hc = diag(1, ..., 1)/
√

NF , α∗u ≥ 0 α∗v + α∗u ≥ 0 . (4.12)

4.1.3 Beyond marginal operators

In this work, we start the exploration of beyond marginal operators (BMO) and their influ-
ence in the model at hand. The reason is that the theory at the UV fixed point is a (weakly,
but still) interacting theory, and as such it switches on all the BMO. It is then important to
compute the fixed point solution of such BMO couplings and their scaling dimensions. To
achieve so, we employ functional renormalisation, as introduced in 2.2.5, and compute the
scale dependence of Γk as

∂tΓk =
1
2

STr
[

∂tRk ·
(

Γ(2)
k + Rk

)−1
]

. (4.13)

We use optimised regulator [143] for both the bosonic and fermionic propagators:

RB
k (q) = (k2 − q2) θ(k2 − q2) , RF

k (q) = /q

(√
k2

q2 − 1

)
θ(k2 − q2) , (4.14)

where B and F respectively stands for the regulator function used for bosons and fermions.
In this work we make the choice to not compute the contributions coming from the gauge
sector using FRG, and simply retain the results from PT. As an ansatz for the effective action
Γk, we retain the first order in the derivative expansion, working in what is knows as the
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Local Potential Approximation (LPA):

Γk [H, ψ, ψ̄] =
∫

ddx
[
−1

4
Ga

µνGµν
a + ZH

k Tr
(
(Di H)†(Di H)

)
+ Vk + Zψ

k ψ̄ ( i /D + Yk H5)ψ

]
(4.15)

where the scalar fields are in the basis of the generators of U(NF), H = (σa + iπa) Ta and
H5 = (σa + iγ5πa) Ta. The action is chirality invariant, so that any field configuration needs
to reflect such symmetry. A possible set of independent chiral invariants is given by:

P1 = Tr
(

H†H
)

,

P2 = Tr
(

H†H − Tr(H†H)/NF

)2
,

...

PNF = Tr
(

H†H − Tr(H†H)/NF

)NF
.

(4.16)

The working approximation given by computing the EAA in LPA has been shown to be ex-
act within large-N limit.
Following [144], we parameterize the potential Vk(H) in terms of only the first two invari-
ants. Specifically, we want to study an ansatz that is very general in the first invariant and
retain only a linear term in the second invariant. Concerning the Yukawa interaction, in this
first analysis, we restrict ourselves to a function of the first invariant only:

Vk(H) ≡ Uk(P1) + P2 Ck(P1) ,

Yk(H) ≡ Yk(P1) .
(4.17)

It is important to notice that on the flat direction in equation 4.12, we have Pi ̸=1 = 0, so
that vacuum stability is determined by studying Uk(P1). However, as we will see in the
following sections, the flow equation of the function Uk(P1) depends on the other functions
Ck(P1), Yk(P1), so that we have to take them into consideration in our study.
Regarding the anomalous dimensions ZH,k and Zψ,k, in this first analysis, we do not compute
their flow with FRG, and retain the results obtained using PT, equations 4.4. Moreover, the
running of the gauge coupling αg is also taken from perturbative calculations, so that we can
simply use the fixed point result, up to the leading order in ϵ.
The fields and invariants are rescaled as

Hi → k(d−2)/2 Hi , ψ → k(d−1)/2ψ ,

Pn = k(d−2)nρn ,
(4.18)

while the couplings are rescaled as:

Vk = kdv , Yk = y , Uk = kdu , Ck = c , (4.19)

where we have dropped the sub-fix k in the rescaled functions. Since in this study we are
focusing on just the first two invariants, we are going to rename them as ρ1 ≡ ρ and ρ2 ≡ τ.
The most generic flow equations for the dimension-less functions u, c, y are extremely com-
plicated, so here we report the flow equations in the Veneziano limit, using the optimized
regulator:

∂tu = −4u + (2 + ηϕ) ρ u′ +
1
2

(
1

1 + u′ + 4ρc
+

1
1 + u′ −

4
11
2 + ϵ

1
1 + ( 11

2 + ϵ) ρ y2
k

)
, (4.20)



Chapter 4. Theoretical approach to VLF 71

∂tc = +4ηϕ c + (2 + ηϕ)ρc′+
1
2

(
8(2c − ρ c′)c

(1 + 4ρc + u′)3 − 128ρ3c5

(1 + u′)3 (1 + 4ρc + u′)3

+
64ρ2c3 (c − ρc′)

(1 + u′)2 (1 + 4ρc + u′)3 − 48ρ2c2c′

(1 + u′) (1 + 4ρc + u′)3

− 2c′

(1 + 4ρc + u′)2 −
( 11

2 + ϵ)y4(
1 + ( 11

2 + ϵ)ρy2
)3

)
,

(4.21)

∂ty = −3αgy(0) +
1
2
(2ηψ + ηH)y + (2 + ηϕ)ρy′ − 1

2

(
y′

(1 + 4 ρ c + u′)2 +
y′

(1 + u′)2

)

+
y3

2 (1 + ρy2) (1 + 4ρ c + u′)

(
1

1 + 4ρ c + u′ +
1

1 + ρy2

)
− y3

2 (1 + u′) (1 + ρy2)

(
1

1 + ρy2 +
1

1 + u′

)
.

(4.22)

Studying the flow of these functions in their most generic functional form is possible only
within numerical calculations, and we postpone this task to a future work. In the following,
we will consider power series of the functions u, c, y around some field configuration. In the
literature, for physical relevancy, the options usually taken into accounts are of two types. A
first type of expansion is around a null-field configuration

u(ρ) =
M

∑
n=0

un ρn+1 , c(ρ) =
M

∑
n=1

cn ρn−1 , y(ρ) =
M

∑
n=1

yn ρn−1 . (4.23)

Here, the first summation starts from zero, so that a mass term m2 ≡ u0 is taken into account.
A second possible expansion is around the RGE flowing minimum of the potential κ:

u(ρ) =
M

∑
n=0

un(ρ − κ)n+1 , c(ρ) =
M

∑
n=1

cn(ρ − κ)n−1 , y(ρ) =
M

∑
n=1

yn(ρ − κ)n−1 .
(4.24)

In both expansions, the starting point of the summation is chosen such that couplings with
subscript 1 are associated with dimension-4 operators, couplings with subscript 2 are asso-
ciated with dimension-6 operators and so on. The relation between the quartic u and v and
the new couplings u1 and c1 is αu = c1 and αv = u1 − c1. The perturbatively renormalizable
Yukawa coupling αy is identified with y2

1.
In appendix 4.A we show that the fixed point solutions for the coupling constants of the
model, at LO in ϵ, do not depend on the expansion point for the functions u, c, y. In what
follows, we will always refer to results for the expansion around a massive null-field config-
uration, equation 4.23, but analogue results can be obtained for the RGE flowing minimum.

4.1.4 Ultraviolet fixed point

In this section, we want to study the flow equations 4.20-4.22 at the UV fixed point. As pre-
viously described, the fixed point is induced by the interplay between the gauge coupling
αg and the yukawa coupling αy and so it is important to retain the fixed point value for the
gauge coupling as from equation 4.4. Clearly, a full FRG calculation would reproduce the
same LO term for the gauge coupling, as this is universal.
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4.1.4.1 A generic argument for the leading order calculation

In this section we will show how the fixed point at leading order in ϵ is computed. For
simplicity and to keep the equations as light as possible, the expansion around a null field
configuration and a potential with no mass term is going to be analyzed, corresponding
to u0 = 0 in 4.23. By setting M = 0, we obtain the set of β-functions for the canonically
marginal couplings. The fixed point solution, at LO in ϵ, is well known:

u1 ∼ ϵ , c1 ∼ ϵ , y1 ∼
√

ϵ . (4.25)

In order to study the fixed point of dimension 6 operators, we need to truncate the series at
M = 1. Without loss of generality, we can focus on the β-function for the coupling c2:

∂tc2 = +2c2 + c2

(
4u1 + 20c1 + 6y2

1

)
+

(
363

2
y6

1 − 48u1c2
1 − 96c3

1

)
+ . . . . (4.26)

In the former equation, the first term represents the contribution coming from the canoni-
cal mass dimension, while the second term is given by the anomalous dimension. The big
bracket in the second line represents the quantum corrections given by the right-hand side
of the Wetterich equation and depends only on lower dimensional couplings wrt c2. Fi-
nally, the ellipsis represent higher dimensional couplings, which in this truncation are not
retained. To solve the equation at the fixed point, we immediately notice that the contribu-
tion coming from the anomalous dimension is of order ϵ and so it is negligible compared to
the contribution from the canonical dimension, which is of order unity. For such reason, the
fixed point for c2 is determined by the big bracket in the last term, which is of order ϵ3. The
latter result can be generalized for the other dimension 6 operators and can be summarized
by saying that their fixed point at leading order in the Veneziano parameter is given by the
corresponding dimension 4 operators fixed point plus 2:

u2 ∼ ϵ3 , c2 ∼ ϵ3 , y2 ∼
√

ϵ5 . (4.27)

Such argument can be schematically generalized to compute the fixed point of a dimension
2n operator as follows. The β-function of the operator:

∂tλ2n = (2n − 4)λ2n + A ϵ λ2n + B ϵn , (4.28)

where A is the anomalous dimension with the dependence on ϵ made explicit and B is some
combination of lower dimensional operators, again with the dependency on ϵ made explicit.
Solving this equation at the fixed point for λ2n gives

λ2n =
B ϵn

(2n − 4) + A ϵ
. (4.29)

If n ̸= 2, the anomalous dimension term can be neglected, exactly as in the previous case
and the LO in ϵ for operators of dimension 2n is λ2n ∼ ϵn. For canonically marginal cou-
plings, n = 2, the first term in the denominator disappears and the anomalous dimension
term reduces the LO by one unit, making the fixed point for operators of dimension 2n of
order λ2n=4 ∼ ϵn−1 = ϵ. Incidentally, also a mass term, n = 1, would have as LO ϵ. This
simple argument is confirmed numerically, as shown in Table 4.1. As perhaps obvious, the
calculation of the fixed point of the marginal couplings gives back the well-known result
from perturbation theory, equation 4.4.
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Coupling Fixed point Coupling Fixed point Coupling Fixed point

c2 −0.404135ϵ3 u2 −0.0844283ϵ3 y2 +0.318417
√

ϵ5

c3 +0.558651ϵ4 u3 +0.0721923ϵ4 y3 −0.468528
√

ϵ7

c4 −0.812282ϵ5 u4 −0.0699564ϵ5 y4 +0.626392
√

ϵ9

c5 +1.16104ϵ6 u5 +0.0706016ϵ6 y5 −0.798058
√

ϵ11

TABLE 4.1: The values of the interactive fixed point solution of the first few
beyond marginal operators.

4.1.4.2 Independence of the fixed point on the expansion point

It is also interesting to show that regardless of the expansion point for the power series of the
coupling functions u, c, y, the fixed point solution at LO in ϵ does not change. Starting with
the null-field configuration with a mass term in the potential, the terms of the β-function of
(for example and without any loss of generality) c1 that contains the mass u0 reads:

∂tc1 ⊃
8 c2

1
(1 + u0)3 − c2

(1 + u0)2 . (4.30)

In the previous section we have shown that the LO in ϵ for a non-marginal operator of di-
mension 2n is ϵn, while for marginal operators it is ϵn−1 = ϵ, which means that u0 ≈ ϵ,
c2 ≈ ϵ3 but c1 ≈ ϵ rather than ϵ2. It is then clear that, at LO in ϵ, contributions given by
u0 are negligible and so the fixed points of marginal and beyond marginal operators do not
depend on the presence and value of a mass term in the potential. If we were to compute the
NLO term in the Veneziano limit, the mass term would give a non-negligible contribution.
Similarly, we can ask whether an expansion around the true minimum of the potential, at
the fixed point, can influence the fixed point at LO in ϵ. Taking again into consideration the
β-function of c1, as from appendix 4.A, we note that terms including κ are sub-leading with
respect to the LO of the fixed point calculation.

4.1.5 Scaling dimensions

In this section, we want to study the behaviour of the theory close to the UV fixed point,
by computing the critical exponents associated to the couplings of the theory. To do so, we
follow standard procedures by calculating the stability matrix and the critical exponents, as
defined in 4.5.
For simplicity and without loss of generality, we show the results for the expansion around
a null-field configuration, for the truncation M = 1, meaning for operators up to canonical
mass dimension 6

M =



−2 + 1.47ϵ −2 − 0.21ϵ 0 −2 − 0.21ϵ 0 1.84
√

ϵ 0
0 2.94ϵ −3 − 0.31ϵ 3.70ϵ −2 − 0.21ϵ 0 1.84

√
ϵ

0 0 2 + 4.41ϵ 0 3.70ϵ 0 0
0 0 0 4.04ϵ −1 − 0.10ϵ 0 0
0 0 0 0 2 + 5.51ϵ 0 0
0 0 0 0 0 2.74ϵ −1 − 0.10ϵ

0 0 0 0 0 0 2 + 2.84ϵ


,
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where we have ordered the couplings (and accordingly the β-functions) as α0, α1, α2, γ1, γ2,
y1, y2. It is perhaps not surprising that the eigenvalues (at leading order in ϵ) are sitting on
the diagonal of this matrix, with off-diagonal terms giving corrections starting from next to
leading order in ϵ. Because of such simple form of the stability matrix, we can associate its
eigenvalues (the critical exponents of the theory) directly to couplings in the theory:

θu0 = +2 − 1.47ϵ ,

θu1 = −2.94ϵ , θu2 = −2 − 4.41ϵ ,

θc1 = −4.04ϵ , θc2 = −2 − 5.51ϵ ,

θy1 = −2.74ϵ , θy2 = −2 − 2.84ϵ .

(4.31)

From now on, we will comment on results for the couplings un, but the generalization to
cn and yn is straightforward. Let us start by noticing that the difference between the critical
exponents of subsequent couplings of the same function is constant:

θun − θun−1 = −2 − 1.47ϵ . (4.32)

To get a better understanding of this result, let us focus on the critical exponents of couplings
un and let us look at the flow equation for the function u, equation 4.20. Since the critical
exponents are sitting on the diagonal of the stability matrix, to extract the critical exponent
related to the coupling un we can simply take n derivatives of the flow equation with respect
to ρ and then retain only the terms that are linear in un:

∂tun ⊃ (2n − 4) un + 4n
(

u1 + c1 +
1
2

y2
1

)
un . (4.33)

Computing the derivative of such equation with respect to un gives the negative of the criti-
cal exponents

θun = (4 − 2n)− nγρ , (4.34)

where we have used the previously defined anomalous dimension for the operator ρ at 1-
loop, equation 4.8. Similarly, we can compute the critical exponents for the couplings cn and
yn:

θcn = (4 − 2n)− nγρ − γτ , (4.35)

θyn = −2n − 2γρ − ηψ − 1
2

ηϕ , (4.36)

where we have used the previously defined anomalous dimension of the operator τ, equa-
tion 4.9 and for the fermion and scalar fields, equations 4.7. Perhaps not surprisingly, the
result is that the critical exponents associated to a certain operator are given by the mass
dimension (canonical plus anomalous) of the corresponding operator.

4.1.6 Effective potential at the interacting fixed point

In section 4.1.4 we have computed the fixed point solution of a infinite tower of beyond
marginal couplings and we have found that the leading order in ϵ has an increasing power
with the dimension of the operator, λ2n ≈ ϵn, for an operator of dimension 2n. When looking
at the numerical results from table 4.1, we also notice that the sign of higher-dimensional
couplings is alternating. One may try to take the limit of the truncation order M going to
infinity and perform a re-summation of the series u, c, y at the fixed point. Before doing so,
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it is important to understand to what extent the power series expansions 4.23 can be trusted,
by computing the radius of convergence.
To estimate the radius of convergence we use the root test r = limn→∞ |an|−1/n, where an is
the coefficient of the n-th order term of the power series. Without loss of generality, we focus
on the flow equation of the function u and notice how the quantum corrections coming from
the right hand side of the Wetterich equation have the well-known form (1+ m2

i )
−1, with mi

the rescaled, dimensionless mass for some particle i. Dropping corrections coming from the
anomalous dimension, we can rewrite the flow equation in general as

∂tu = −4u + 2ρu′ +
1
2 ∑

i

1
1 + m2

i (ρ)
. (4.37)

Similarly to the calculation for the critical exponent, we can compute the β-function for the
coupling un as the n-th derivative of the flow with respect to ρ, by using the Faà di Bruno
formula:

dn

dxn f (g(x)) = ∑
{mk}

n!
m1!m2! · · · mn!

· f (m1+m2+···+mn)(g(x)) ·
n

∏
k=1

(
g(k)(x)

k!

)mk

, (4.38)

where m1 + 2m2 + 3m3 + · · ·+ nmn = n. We can identify f (x) = (1+ x)−1 and g(ρ) = m2
i (ρ)

in which case the Faà di Bruno formula can be written as:

dn

dρn
1

1 + m2
i (ρ)

= ∑
{mk}

n!
m1!m2! · · · mn!

· (−1)1+m1+m2+···+mn

(1 + m2
i (ρ))

1+m1+m2+···+mn
·

n

∏
k=1

(
1
k!

dk

dρk m2
i (ρ)

)mk

.

(4.39)
Since mi has in general some power series expansion in ϵ, it is not too difficult to understand
that in the denominator we can neglect the term m2

i against the unity. In the same way, in the
product symbol, the leading order term in ϵ is given by the "first" term of the summation,
when m1 = n and all other mi = 0:

dn

dρn
1

1 + m2
i (ρ)

=

(
d

dρ
m2

i (ρ)

)n
. (4.40)

This way, the n-th derivative of the flow equation 4.20 takes the form:

∂tu
(n)
k = (2n − 4)u(n)

k +
(−1)n

2
n!
(
(u′′

k )
n + (u′′

k + 4ck)
n − 8

11

(
11
2

y2
k

)n)
where in the right hand side we have retained only terms that have the same power of ϵ as
the left hand side. The fixed point for the coupling un can be extracted by setting ∂tu

(n)
k = 0

and using the power series expansion 4.23 to extract the coupling un from the function uk:

u∗
n =

(−1)n+1

n(2n − 4)

(
(2u∗

1)
n + (2u∗

1 + 4c∗1)
n − 8

11

(
11
2

y∗2
1

)n)
. (4.41)

Some comments are in order. Firstly, the factor (−1)n explains the alternating sign for the nu-
merical values of the fixed points from table 4.1. Secondly, the fixed point value of arbitrarily
higher dimensional couplings (remember that n can in principle run until infinity) is deter-
mined by increasing powers of the marginal couplings. This is once again a manifestation
of the power counting argument in ϵ as described in section 4.1.4.1. Notice how the latter
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equation represents an of the root test, so that we can compute the radius of convergence:

r−1 = Max
(

2u∗
1 , 2u∗

1 + 4c∗1 ,
11
2

y∗2
1

)
=

11
2

y∗2
1 ≈ 1.16ϵ . (4.42)

As perhaps obvious, the smaller ϵ, the bigger the radius of convergence, which also means
we can trust the power series expansion to higher field values ρ. However, by using power
series approximations, we are not entitled to explore arbitrarily large field values. To solve
such problem, we insert the fixed point solution 4.41 in the expansion 4.23 and perform a
re-summation of the full function u:

u∗(ρ) = u∗
0ρ + u∗

1ρ2 +
ρ2

4

(
A2 log(1 + A ρ) + B2 log(1 + B ρ)− 4Nc

NF
D2 log(1 + D ρ)

)
(4.43)

where we have defined

A = 2u∗
1 , B = 2u∗

1 + 4c∗1 , D =
NF
Nc

y∗2
1 . (4.44)

Similarly, a resummation for the expansion 4.24 can be performed and the result can be
obtained from the previous formula, by setting u∗

0 = 0 and making the simple replace-
ment ρ → ρ − ρ∗0 , where ρ∗0 = 0.414, cf. 4.A. Interestingly, the function u depends only on
four numbers, which are combinations of the marginal coupling constants. The main result,
therefore, is that once we have determined the marginal couplings, the non-perturbative
corrections are also determined through log functions of the marginal couplings. Even more
interestingly, our result is in agreement with the one in [145], in which the Callan-Symanzik
equation is used to compute the effective potential.
Similar closed expressions can be obtained for the functions c and y:

c∗(ρ) = γ∗
1 −

1
32

(3A2 + 8AB + B2) log(1 + Aρ) +
1

32
(11A2 − 8AB + 9B2) log(1 + Bρ)

+
(A − B)(6A2 + 48AB − 30B2)ρ

64(1 + Aρ)2(1 + Bρ)2 +
(A − B)(7A3 + 103A2B − 19AB2 − 19B3)ρ2

64(1 + Aρ)2(1 + Bρ)2

+
(A − B)(58A3B + 48A2B2 − 34AB3)ρ3

64(1 + Aρ)2(1 + Bρ)2 +
(A − B)(40A3B2 − 16A2B3)ρ4

64(1 + Aρ)2(1 + Bρ)2

− 1
2

Nc

NF

D3(4 + 3Dρ) ρ

(1 + Dρ)2 − Nc

NF
D2 log(1 + Dρ) ,

(4.45)

y∗(ρ) = y∗0

(
1 − AD

2(A − D)
log(1 + Aρ) +

BD
2(B − D)

log(1 + Bρ)

+
(A − B)D2

2(A − D)(D − B)
log(1 + Dρ)− (A − B)Dρ

4(1 + Aρ)(1 + Bρ)(1 + Dρ)

)
.

(4.46)

While the closed expressions for the functions c and y look more complicated than the one
for u, they share some important features. Firstly, they all depend only on the combinations
of marginal couplings defined in equation 4.44. Secondly, the logarithmic terms 1-loop cor-
rections that appeared in the function u are also present in the functions c and y, but with
different coefficients, that are combinations of A, B and D. Finally, the latter expressions
have extra terms, rational in the field value ρ: the interesting property those terms share
is that they are negligible in both the low- and high- field value limit, and become feasible
only for finite, non-zero values of the field. Therefore, they do not determine the asymp-
totic behaviour of the functions c and y, which is instead determined by the sole logarithmic
terms.
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4.1.7 Conclusions

In this work, we have investigated the UV behavior of a class of gauge-Yukawa theories
featuring a large number of fermions and gauge fields. These theories are known to exhibit
interacting UV fixed points – realizing the scenario of asymptotic safety – through a deli-
cate interplay between gauge and Yukawa interactions in the Veneziano limit, under which
the number of both fermions and gauge fields is taken to infinity, while keeping the ratio
fixed. Building upon prior studies that focused on the renormalisable sector, we have ex-
tended the analysis by systematically incorporating an infinite tower of perturbatively non-
renormalisable operators and computed the UV fixed point of the relative couplings, within
the FRG approach.

Our key result is the identification of fixed points for this extended operator basis at leading
order in the expansion parameter ϵ = NF/Nc − 11/2. We showed that the scaling behav-
ior of these higher-dimensional operators is dominated by their canonical mass dimensions,
while anomalous dimensions provide only sub-leading corrections. This hierarchy enabled
a power-counting resummation of the entire tower into a compact, closed-form scalar po-
tential. The analytical and numerical fixed point solutions confirmed the consistency of this
approach. Furthermore, we explicitly computed the anomalous dimensions of the beyond-
marginal operators and demonstrated that their contributions do not destabilize the UV
fixed point structure obtained at leading order. The results support the robustness of asymp-
totic safety in this class of theories even when extended to include an infinite set of pertur-
batively irrelevant operators.

Overall, our findings reinforce the viability of asymptotically safe QFTs beyond the renor-
malisable paradigm and provide new tools for analyzing the structure of UV completions in
gauge-Yukawa systems.

Appendix 4.A: First β-functions in polynomial expansions

In this subsection we report the β-functions of the first terms in the power series expansion
4.20, for the two different expansion point described in the main text: an expansion point
around null field configuration is going to be discussed firstly and then an expansion around
the RGE flowing minimum of the potential. In both cases, we will discuss the importance of
the expansion point on the fixed point value.

Expansion around null-field configuration We report the β-functions of the first terms in
the power series expansion 4.23, including the mass term u0, for the three functions uk, ck,
yk. The equations need to be considered already as a LO results. Starting from the mass term
u0:

∂tu0 = −2u0 +
1
2

(
− 2u1

(1 + u0)2 − 2(u1 + 2c1)

(1 + u0)2

)
+ 2(1 + u0)y2

1 . (4.47)

Let us discuss the fixed point value for u0: since u1, c1 and y2
1 have a fixed point value at LO

linear in ϵ, we can immediately deduce that also the LO fixed point value for the mass term
is linear in ϵ, u∗

0 = −0.0518ϵ. Notice how this is perfectly in line with the power counting
argument for the fixed point at leading order in ϵ, as detailed in section 4.1.4.1.
We now move to the β-functions for the first terms of uk, ck, yk. Starting from the β-functions
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for the dimension 4 operators:

∂tu1 =
2u2

1
(1 + u0)3 +

2(u1 + 2c1)
2

(1 + u0)3 − 11y4
1 + 4u1y2

1 ≈ 2u2
1 + 2(u1 + 2c1)

2 − 11y4
1 + 4u1y2

1 ,

∂tc1 =
8c2

1
(1 + u0)3 + 4c1y2

1 − 11y4
1 ≈ 8c2

1 + 4c1y2
1 − 11y4

1 ,

∂ty1 = −3αgy1 +
13y3

1
2

,

where the ≈ signifies that we are neglecting the u0 terms in the denominator, as they are sub-
leading. Clearly, these are exactly the β-functions at 211 loop order, as already computed and
studied in [140].
Next, we move to operators at dimension 6:

∂tu2 = −4u2 −
4u3

1
(1 + u0)4 +

6u1u2

(1 + u0)3 − 4(u1 + 2c1)
3

(1 + u0)4 +
2(u1 + 2c1)(3u2 + 4c2)

(1 + u0)3

+
121y6

1
2

+ 6u2(1 + y2
1)− 44y3

1y2 + 2y2
2 ,

(4.48)

∂tc2 = −
48(2c1 + u1)c2

1
(1 + u0)4 + 2c2 +

4(5c1 + u1)c2

(1 + u0)3 +
363y6

1
2

− 44y3
1y2 , (4.49)

∂ty2 = −
11c1y3

1
(1 + u0)2 + 2

(
1 +

17y2
1

4

)
y2 +

8u1y2 − 4c1(11y3
1 − 2y2)

2(1 + u0)3 . (4.50)

Again, the contribution given by the mass terms is sub-leading, showing what mentioned
in the main text: the presence of a mass term does not modify the value of the fixed point
at leading order in ϵ. Moreover, it is quite straightforward to notice that the fixed point for
coupling of dimension 6 operators is of order ϵ3.

Expansion around the true minimum We report the β-functions of the first terms in the
power series expansion 4.24, around the RGE flowing minimum ρ0. Starting from the β-
function for ρ0:

∂tρ0 = −u1 + 4u1(1+ y2
1)ρ0 +

2y2
1

(1 + 11
2 y2

1ρ0)2
− u1 + 2c1

(1 + 4c1ρ0)2 ≈ −u1 + 4u1ρ0 + 2y2
1 −u1 + 2c1 ,

(4.51)
where ≈ signifies dropping terms that are sub-leading in ϵ. Notice how the above equation
depends only on marginal operators, which are linear in ϵ. The fixed point solution is then
order unity:

ρ∗0 =
c1 + u1 − y2

1
2u1

= 0.414 . (4.52)

The β-functions for dimension 4 operators read:

∂tu1 = 2u2
1 + 4u1y2

1 +
2(u1 + 2c1)

2

(1 + 4c1ρ0)
3 −

11y4
1(

1 + 11
2 y2

1ρ0

)3 ≈ 2u2
1 + 4u1y2

1 + 2(u1 + 2c1)
2 − 11y4

1 ,

∂tc1 = 4c1y2
1 +

8c2
1

(1 + 4c1ρ0)
3 −

11y4
1(

1 + 11
2 y2

1ρ0

)3 +
32c4

1ρ2
0

(1 + 4c1ρ0)
3 −

64c5
1ρ3

0

(1 + 4c1ρ0)
3 ≈ 4c1y2

1 + 8c2
1 − 11y4

1 ,
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∂ty1 = −3αgy1 +
13y3

1
2

−
11y3

1(4 + 11y2
1ρ0)

2(2 + 11y2
1ρ0)2

+
11y3

1(4 + 8c1ρ0 + 11y2
1ρ0)

2(1 + 4c1ρ0)2(2 + 11y2
1ρ0)2

≈ −3αgy1 +
13y3

1
2

.

Contributions proportional to ρ0 are always sub-leading, so that the choice of expanding the
potential around the RGE flowing minimum of the potential does not affect the value of the
fixed point at leading order in ϵ.
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5
Asymptotically safe gravity
confronts VLF phenomenology

As explained in chapter 4, AS is the property of a QFT to develop UV fixed points of the
RG flow of the action [146]. Following the development of FRG techniques three decades
ago [32, 147], it was shown in numerous papers that AS may arise quite naturally in quantum
gravity and provide the key ingredient for the non-perturbative renormalizability of the
theory. Fixed points for the rescaled Newton coupling and the cosmological constant were
identified initially in the Einstein-Hilbert truncation of the effective action [148–150], based
on two operators, and later confirmed in the presence of gravitational operators of increasing
mass dimension [151–159], and of matter-field operators [160–162].
From the point of view of particle physics in four space-time dimensions, a particularly
exciting possibility is that not only the gravitational action but the full system of gravity and
matter may feature UV fixed points in the energy regime where gravitational interactions
become strong [163–174]. A trans-Planckian fixed point may provide in that case specific
boundary conditions for some of the a priori free couplings of the matter Lagrangian, as
long as they correspond to irrelevant directions in theory space. In this context, indications
of AS emerging in U(1) gauge theories have led to discovering a gravity-driven solution
to the triviality problem of the SM hypercharge coupling [175–177]. Early achievements of
embedding realistic matter systems in AS include the ballpark prediction for the value of the
Higgs mass (more precisely, of the quartic coupling of the Higgs potential) obtained a few
years ahead of its discovery [178] (see also Refs. [179–181]), and the retroactive “postdiction”
of the top-mass value [182].
In order to properly complete a matter system with trans-Planckian AS, one should con-
sistently calculate gravitational corrections to the matter beta function using the formalism
of the FRG. The ensuing high-scale boundary conditions for the matter couplings, obtained
this way from first principles, should be then compared with observations (cross sections,
decay rates, etc.) after running the couplings to the low scale. It has been long known,
however, that calculations based on the FRG can be subject to large theoretical uncertainties,
stemming from a variety of sources – from the choice of truncation in the gravity action [151,
156, 183–185], to cutoff-scheme dependence [150, 186], to the backreaction of matter, which
may introduce a dependence of the gravitational fixed point on the specifics of the matter
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sector [187–189]. Various results can differ by up to 50–60% [189] so that, often, a precise
quantitative determination of the high-scale value of the matter couplings is not possible.
Moreover, it has been recently pointed out [190, 191] that some conceptual questions regard-
ing the appropriateness of the FRG itself as the right tool for investigating/enforcing AS in
quantum gravity remain open.
On the other hand, because of the universal nature of trans-Planckian interactions, and
thanks to the “rigidity” of the dynamics in the vicinity of an interactive fixed point – by
virtue of which all quantities can be predicted except for a handful of relevant parameters
that will have to be determined experimentally – a first-principle calculation of the gravita-
tional contribution to the matter couplings is not necessarily needed to prove the consistency
of certain low-energy predictions with quantum gravity. Often one is content with establish-
ing a heuristic framework in which the trans-Planckian interactions are parameterized by
coefficients that are eventually obtained from low-energy observations [2, 110, 192–200].
Such heuristic embedding of a gauge-Yukawa system in trans-Planckian AS has been used
in the SM to attempt a prediction of the top/bottom mass ratio [192], the CKM [195], and
PMNS [197] matrix elements. In the context of neutrino mass generation, this effective ap-
proach was employed to theorize the interesting possibility that the tiny Yukawa couplings
of Dirac-type right-handed neutrinos may find their origin in the dynamics of the trans-
Planckian flow [197, 200]. NP predictions were extracted for neutrino masses [193], lepto-
quarks [196], vector-like fermions [110], and γ/Z′ kinetic mixing [2]. Following this, pre-
dictions were made for the relic abundance of dark matter [194, 201], baryon number [198,
199], as well as axion models [202]. Note, however, that whether gravitational corrections
to the running couplings of the scalar potential are multiplicative or not remains a model-
dependent issue, as some truncations of the gravitational action can generate additive con-
tributions to the matter beta functions of the scalar potential [201].

5.1 The heuristic approach

The framework of AS we adopt in this work is based on the assumption that the SM and
the NP particles couple above the Planck scale, at energy k ≥ MPl = 1019 GeV, to quantum
gravity or some other NP responsible for generating a fixed point in the trans-Planckian RG
flow of the beta functions of all dimensionless couplings. The beta functions of the SM and
NP receive in the trans-Planckian regime parametric corrections,

βg = βSM+NP
g − g fg, (5.1)

βy = βSM+NP
y − y fy, (5.2)

βλ = βSM+NP
λ − λ fλ, (5.3)

where βx ≡ dx/d log k, and g, y, λ are the set of all gauge, Yukawa and scalar couplings,
respectively. The effects of new trans-Planckian interactions are parameterized with fixed
effective couplings fg, fy, and fλ. In agreement with theoretical computations in asymp-
totically safe gravity, the latter are assumed to be universal, in the sense that they differ
according to the type of matter interaction (gauge, Yukawa, scalar) but do not change with
the quantum numbers of the particles involved.
The parameters fg, fy, and fλ should be eventually determined from the gravitational dy-
namics [160, 162, 169–174]. In the framework of quantum gravity, calculations utilizing the
functional RG have shown that fg is likely to be non-negative, irrespective of the chosen
RG scheme [172], and that fg > 0 is required to make the gauge sector asymptotically free.
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On the other hand, the status of the leading-order gravitational correction to the Yukawa
couplings, fy, remains to some extent more uncertain. A number of simplified models were
analyzed in the literature [160, 168, 169, 173], but no definite conclusions regarding the size
and sign of fy are available to our knowledge. The same level of ignorance applies to the
gravity contribution to the scalar coupling beta function, fλ [179, 181, 201, 203–206].
As mentioned in the previous section, one ought to keep in mind that the theoretical deter-
mination of the parameters fg, fy, and fλ is marred by large uncertainties, which are related
to the choice of truncation of the gravitational action and, within a chosen truncation, the
cutoff-scheme dependence [150, 186]. Depending on the number of operators considered
in the effective action [151, 156, 183–185] various determinations can differ by up to 50-
60% [189]. To bypass these obstacles, in the first section, we follow the heuristic approach
adopted in some recent articles [110, 182, 192, 194–197], in which fg, fy, and fλ are treated
as free parameters to be determined by matching the SM couplings onto their low-energy
measurements, and postpone the problem of computing the uncertainties of such approach
to the second section of this chapter. The ensuing fixed point analysis of the matter beta
functions defines in turn a set of boundary conditions for the NP couplings which, unlike
the SM ones, have not been directly measured yet.

5.2 Constraints on Z’ solutions to the flavor anomalies with
trans-Planckian asymptotic safety

This section is based on "Constraints on Z’ solutions to the flavor anomalies with
trans-Planckian asymptotic safety" by A. Chikkaballi, W. Kotlarski, K. Kowalska, D.
Rizzo, E. M. Sessolo, [2].

In the last few years several "flavor" anomalies have appeared in data published by the
LHCb and other experimental collaborations. The most intriguing and statistically signif-
icant involve semileptonic b → s transitions with muons in the final state. In particu-
lar, the measurement of the ratios RK = BR(B → Kµ+µ−)/BR(B → Ke+e−) [207] and
RK∗ = BR(B → K∗µ+µ−)/BR(B → K∗e+e−) [16, 208] each deviates from the SM predic-
tion approximately at the 3 σ level. While strong deviations in these two "clean" observables
would provide a smoking gun for the violation of lepton-flavor universality, the overall em-
pirical frame is buttressed by the concurrent emergence of numerous anomalies in other
measurements of branching ratios and angular observables mediated by the b → s µ+µ−

transition [209–218]. A global picture has surfaced, pointing to the potential presence of NP,
whose contribution is currently statistically favored compared to the SM prediction alone at
the level of more than 5 σ – see, e.g., Refs. [18, 219–230] for recent analyses.

However, as detailed in section 2.1.5, the new LHCb’s updated analysis in 2022, based on
the full Run 1 and 2 datasets [17], has shown how both RK and RK∗ are consistent with the
SM within 1σ uncertainties. For the purpose of this section, we are going to consider these
anomalies from a theoretical perspective, as a historical motivation for specific BSM scenar-
ios that remain of interest irrespective of the current experimental status.

Global EFT studies of the b → s anomalous data have confidently shown that some NP
states ought to be able to generate the four-fermion operators O(′)µ

9 ,O(′)µ
10 of the Weak Ef-

fective Theory (WET),with different combinations of the corresponding Wilson coefficients
being equivalently favored as long as Cµ

9,NP remains large and negative. A handful of simple
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models were thus identified early on, which could give rise to one or more of these flavor
non-diagonal vector operators already at the tree level. Popular choices include leptoquarks
(see, e.g.,Ref. [231] for a recent review) and new abelian gauge bosons (early studies include
Refs. [232–241]).

In this section, we perform a trans-Planckian fixed-point analysis of minimal SM extensions
with a new abelian gauge boson Z′, which can lead to a solution for the flavor anomalies. The
phenomenology of some U(1) extensions of the SM giving a solution to the flavor anomalies
and being, at the same time, constrained in an asymptotically safe framework not based on
quantum gravity was recently investigated in Ref. [242]. In Ref. [198] trans-Planckian AS
inspired from quantum gravity was applied to a SM extension with gauged baryon number,
without direct connection to the flavor anomalies. Because the Z′ is expected to be massive
and to couple to the b-s current, the Lagrangians we consider feature Yukawa interactions
of a new scalar field S with the SM and VL heavy fermions with color charge. The scalar’s
vev breaks the abelian gauge symmetry giving mass to the Z′ and the mixing of VL and SM
quarks generates the flavor non-diagonal gauge coupling. Moreover, because of the pres-
ence of VL fermions charged under both the new abelian and the SM gauge groups, the Z′

is subject to kinetic mixing with the SM photon and Z boson.

In Sec. 5.2.1 we introduce NP models with an extra U(1) symmetry and VL fermions in the
context of the flavor anomalies and recall their general structure. In Sec. 5.2.2 we perform a
full fixed-point analysis of the scenarios introduced in Sec. 5.2.1. The resulting predictions
for the low-scale physics and the related phenomenology are discussed in Sec. 5.2.3, were
we also derive the most recent LHC constraints applying to our models.

5.2.1 Minimal Z′ models for the flavor anomalies

In model-independent global analyses the anomalous flavor data is confronted with the op-
erators of an effective Hamiltonian for the b → sl+l− transition (where l = e, µ, τ). One
writes

Heff = −4GF√
2

VtbV∗
ts ∑

i,l
(Cl

i O
l
i + C

′ l
i O

′ l
i ) + H.c. , (5.4)

where GF is the Fermi constant and Vtb, Vts are elements of the CKM matrix. The short-
distance physics is encoded in the Wilson coefficients C(′)l

i , whereas the long-distance physics

is described by the four-fermion dimension-six interaction operators O(′)l
i , invariant under

the SU(3)c×U(1)em gauge group.
The flavor anomalies strongly hint to NP emerging in the coefficients of a few semi-leptonic
operators with muons in the final state,

O(′)µ
9 =

αem

4π

(
s̄γρPL(R)b

) (
µ̄γρµ

)
,

O(′)µ
10 =

αem

4π

(
s̄γρPL(R)b

) (
µ̄γργ5µ

)
, (5.5)

where αem is the fine-structure constant in the Thomson limit and PL,R = (1 ∓ γ5)/2 are the
standard chiral projectors. We limit ourselves in this work to NP models that can give rise
to the left-chiral (unprimed) pair of Wilson coefficients Cµ

9,NP, Cµ
10,NP, and to CP-conserving

NP effects (real Wilson coefficients). Global analyses have shown that the fit to the flavor
anomalies does not improve significantly by adding the right-chiral components or consid-
ering their imaginary part.
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The 2σ region consistent with the flavor anomalies reads [229]

−1.03 ≤ Cµ
9,NP ≤ −0.43 (5.6)

when Cµ
10,NP = 0, and

−0.53 ≤ Cµ
9,NP

(
= −Cµ

10,NP

)
≤ −0.25 (5.7)

when Cµ
9,NP = −Cµ

10,NP. The parameter space allowed in the case when Cµ
9,NP and Cµ

10,NP are
independent objects can be found, e.g., in Ref. [229].

The Hamiltonian of 5.4 can be completed in the UV with new massive states above the
EWSB scale. We focus in this work on scenarios with a Z′ gauge boson. The most generic
Lagrangian parameterizing Z′ interactions with the b-s current and the muons is given by

L ⊃ Z′
ρ

[(
gsb

L s̄γρPL b + gsb
R s̄γρPR b + H.c.

)
+ gµµ

L µ̄γρPL µ + gµµ
R µ̄γρPR µ

]
, (5.8)

in terms of a priori free effective couplings gsb
L,R, gµµ

L,R. The Wilson coefficients of the WET can
be then expressed in terms of the effective couplings as

Cµ
9,NP = −2

gsb
L gµµ

V
VtbV∗

ts

(
Λv

mZ′

)2
, Cµ

10,NP = −2
gsb

L gµµ
A

VtbV∗
ts

(
Λv

mZ′

)2
, (5.9)

where gµµ
V ≡ (gµµ

R + gµµ
L )/2, gµµ

A ≡ (gµµ
R − gµµ

L )/2, mZ′ indicates the mass of the Z′ boson,
Vtb = 0.999, Vts = −0.0404, and

Λv =

(
π√

2GFαem

)1/2
≈ 4.94 TeV (5.10)

defines the typical effective scale of the NP states. Note that to simplify the notation we will
drop the subscript “NP” from the Wilson coefficients Cµ

9 , Cµ
10 hereafter.

5.2.1.1 Quark sector couplings

In order to render the model renormalizable and gauge-invariant, we extend the gauge
symmetry of the SM by an additional abelian gauge factor, U(1)X , with gauge coupling de-
noted by gX . The couplings of the Z′ boson with gauge eigenstates are by definition flavor-
conserving, therefore an additional structure is required to generate the flavor-violating
couplings gsb

L and gsb
R . One minimal solution invokes extending the particle content by a

singlet scalar field S and a VL pair of left-chiral Weyl spinor doublets, Q = (UL, DL)
T and

Q′ = (UR, DR), collectively charged under SU(3)c×SU(2)L×U(1)Y×U(1)X as

S : (1, 1, 0, QS) , (5.11)

Q : (3, 2, 1/6, QS) Q′ : (3̄, 2̄,−1/6,−QS) , (5.12)

where QS is the U(1)X charge of scalar field S. New Yukawa and VL mass terms are then
generated in the Lagrangian which, in the basis where the SM fields are diagonal, can be
written as

L ⊃ −λQ,iSDR dL,i − λQ,k(V†
CKM)ki S URuL,i − mQ (DRDL + URUL) + H.c. , (5.13)
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with uL,i, dL,i being the SM left-chiral quarks and VCKM the CKM matrix. A sum over re-
peated indices k, i = 1, 2, 3, labeling the quark generations, is implied.
As is shown in greater detail in Appendix 5.A, after the U(1)X symmetry is spontaneously
broken by the vev of the scalar field, vS, the Lagrangian (5.13) is rotated to the physical basis,
leading to flavor non-diagonal interactions of the Z′ boson with the SM quarks. One finds

gsb
L ≈ ±gXQS

√
2 mQ λQ,2 λQ,3 v2

S(
2m2

Q + λ2
Q,2 v2

S

)√
2 m2

Q +
(

λ2
D,2 + λ2

D,3

)
v2

S

, (5.14)

gsb
R ≈ 0 . (5.15)

A coupling gsb
R ̸= 0 can be easily generated by adding an extra VL spinor pair with the

quantum numbers of the SM down-type quarks.

5.2.1.2 Direct lepton couplings: Lµ − Lτ symmetry

The flavor-conserving effective couplings of Z′ to the muon, gµµ
L and gµµ

R , can be generated
either directly, or by the mixing of the muon with extra VL leptons. We will discuss the first
possibility in this subsection and the second in Sec. 5.2.1.3.
Direct Z′ couplings to the muons emerge if the SM is charged under U(1)X . We employ
the well known Lµ − Lτ gauge symmetry [234, 243–245] to provide an anomaly-free SM
extension generating the desired couplings. The SM lepton doublets, li=1,2,3, and singlets,
eR, µR, τR, carry the following quantum numbers:

l1 : (1, 2,−1/2, 0) eR : (1, 1, 1, 0) (5.16)

l2 : (1, 2,−1/2, 1) µR : (1, 1, 1,−1) (5.17)

l3 : (1, 2,−1/2,−1) τR : (1, 1, 1, 1) . (5.18)

Since the Z′ interaction with the muon is VL in U(1)X one gets, straightforwardly,

gµµ
V = gX gµµ

A = 0 . (5.19)

One can insert Eqs. (5.14) and (5.19) into 5.9 to obtain the WET Wilson coefficients. By recall-
ing that m2

Z′ = g2
XQ2

Sv2
S one gets

Cµ
9 ≈ ∓ 1

QS

2Λ2
v

VtbV∗
ts

√
2 mQ λQ,2 λQ,3(

2m2
Q + λ2

Q,2 v2
S

)√
2 m2

Q +
(

λ2
Q,2 + λ2

Q,3

)
v2

S

, Cµ
10 = 0 . (5.20)

In this case, the bound of 5.6 applies. Assuming, for example, QS = 1 and |λ| ≡ |λQ,i|, one
gets

14 TeV ≲ mQ/|λ| ≲ 22 TeV (5.21)

for mQ/|λ| ≈ mZ′/gX . One gets instead

20 TeV ≲ mQ/|λ| ≲ 32 TeV (5.22)

for mZ′/gX ≪ mQ/|λ|. Taken at face value, these solutions may be difficult to constrain
directly at the LHC.
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5.2.1.3 Couplings through mixing: VL leptons with a U(1)X charge

Alternatively, the effective couplings gµµ
L and gµµ

R can be generated in the same way as the
quark couplings gsb

L,R in Sec. 5.2.1.1. Unlike in Sec. 5.2.1.2 we now keep the SM leptons
uncharged under U(1)X and instead introduce a VL pair of left-chiral Weyl spinor doublets
transforming under the total gauge group as

L : (1, 2,−1/2, QL) L′ : (1, 2̄, 1/2,−QL) . (5.23)

For QL = QS (QL = −QS) the particle content allows for new Yukawa and mass terms

L ⊃ λL,iS(∗)L′li + mLL′L + H.c. , (5.24)

where li=1,2,3 are the SM lepton doublets (uncharged under U(1)X) and, again, a sum over
SU(2) and repeated flavor indices is implied.
Once the U(1)X symmetry is broken, the effective muon couplings take the form

gµµ
L ≈ gX QL

λ2
L,2v2

S

2m2
L + λ2

L,2v2
S

, (5.25)

gµµ
R ≈ 0 , (5.26)

which lead to

Cµ
9 = −Cµ

10 ≈ ∓QL
QS

Λ2
v

VtbV∗
ts


√

2 mQ λQ,2 λQ,3(
2m2

Q + λ2
Q,2 v2

S

)√
2 m2

Q +
(

λ2
Q,2 + λ2

Q,3

)
v2

S


(

λ2
L,2v2

S

2m2
L + λ2

L,2v2
S

)
.

(5.27)
In this case, the bound of 5.7 applies. Assuming for example, |λ| ≡ |λQ,i| ≈ |λL,i|, one gets,

8 TeV ≲ mQ,L/|λ| ≲ 12 TeV (5.28)

for mQ,L/|λ| ≈ mZ′/gX . In the limit mZ′/gX ≈ mL/|λ| ≪ mQ/|λ|,

11 TeV ≲ mQ/|λ| ≲ 17 TeV , (5.29)

while typical scales for mZ′/gX , mL/|λ| are expected to be in the 1-to-few TeV range.

We conclude this section by pointing out that we have introduced in Eqs. (5.12), (5.17), (5.18),
and (5.23) fermions that are charged under both the abelian U(1)Y and U(1)X gauge groups.
As a direct consequence, abelian kinetic mixing will be generated in the Lagrangian and the
Z′ will mix at the tree level with the neutral gauge bosons of the SM, as reviewed briefly in
Appendix 5.A. The size of the kinetic mixing in turn determines how sensitive the models
described in this section end up being to existing LHC searches for Z′ production with lep-
tons in the final states. Finally, the rotations of the scalar fields from the gauge to the physical
mass basis are presented in Appendix 5.A.

5.2.2 Fixed-point analysis of the Z′ models

5.2.2.1 Gauge-Yukawa system

The one-loop RGEs of the gauge and Yukawa couplings for the models defined in Sec. 5.2.1
are presented in Appendix 5.B and Appendix 5.C. We work in the basis where the quark
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Model Sec. reference Fermion charges Q̃YX

1A Sec. 5.2.1.3 QSM = 0, QL = QS 0

1B Sec. 5.2.1.3 QSM = 0, QL = −QS 8/3 QS

2 Sec. 5.2.1.2 Qµ = 1, Qτ = −1 4/3 QS

TABLE 5.1: The effective charge Q̃YX , introduced in 5.88 of Appendix 5.B, de-
termines the fixed-point value of kinetic mixing for the three scenarios con-

sidered in this study.

mass is diagonal in flavor space, since it facilitates the matching of the quark Yukawa cou-
plings onto the experimentally measured values. Consequently, we take into account the
running of the elements of the CKM matrix [246–249]. Since we are mainly interested in the
parameters affecting b → s transitions, we reduce the quark Yukawa RGE system to two
generations, the second and the third, in the “down-origin” approach (see Appendix 5.C).
The CKM matrix is thus approximated by an orthogonal 2× 2 matrix, parameterized by one
single rotation angle.
The scalar potential couplings do not affect the running of the gauge-Yukawa system at one
loop and therefore they can be treated separately. We will come back to discussing the fixed-
point structure of the scalar potential in Sec. 5.2.2.2.
The minimal set of couplings pertinent to the analysis of the gauge-Yukawa system is the
following:

SM : g3 , g2 , gY , yt , yb , V33 , (5.30)

NP: gD, gϵ, λQ,2, λQ,3, λL,2 , (5.31)

where g3, g2, and gY are the gauge couplings of SU(3)c, SU(2)L, and U(1)Y, respectively, yt

and yb indicate the Yukawa couplings of the top and bottom quarks, and V33 belongs to the
CKM matrix. The running NP gauge couplings gD and gϵ are related to the gauge coupling
gX and abelian gauge boson kinetic mixing ϵ as defined in Appendix 5.B. The Yukawa cou-
plings of the quarks of the first two generations and of the leptons are not included in the
system, as their impact on the running of the parameters defined in 5.30 and 5.31 is neg-
ligible. We associate all of them with relevant directions of a Gaussian fixed point in the
trans-Planckian UV [195] and so their IR values can always be reached.
Let us start the fixed-point analysis by focusing on the gauge sector. In what follows, we will
indicate the fixed-point values of dimensionless couplings with an asterisk. Given the expec-
tation that fg > 0, the non-abelian gauge couplings develop non-interactive (or Gaussian)
fixed points,

g∗3 = 0, g∗2 = 0 , (5.32)

as required by the low-energy phenomenology. Both of them correspond to relevant direc-
tions in the coupling space.
The abelian sector is described by the three couplings gY, gD, and gϵ. Following the AS
ansatz, we assume that quantum gravitational interactions are going to tame their patholog-
ical UV behavior. The system thus develops a fully interactive fixed point,

g∗Y = 4π

√
fg

Q̃Y
, g∗D = 4π

√√√√ fgQ̃Y

Q̃YQ̃X − Q̃2
YX

, g∗ϵ = −4πQ̃YX

√
fg

Q̃2
YQ̃X − Q̃YQ̃2

YX

, (5.33)

corresponding to irrelevant directions in the coupling space. Incidentally, a fixed point with
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fg fy g∗Y g∗D g∗ϵ y∗t λ∗
Q,3 λ∗

Q,2 λ∗
L,2

FP1A,a 0.012 0.0025 0.498 0.418 0 0.406 0 0.072 0.648
FP1A,b 0.012 0.0029 0.498 0.418 0 0.424 0.200 0 0.610
FP1B,a 0.012 0.0026 0.498 0.436 0.151 0.417 0 0.163 0.586
FP1B,b 0.012 0.0034 0.498 0.436 0.151 0.452 0.264 0 0.547
FP2,a 0.010 0.0018 0.479 0.366 0.069 0.356 0 0.302 –
FP2,b 0.010 0.0037 0.479 0.366 0.069 0.453 0.379 0 –

TABLE 5.2: Trans-Planckian fixed-point values for the gauge and Yukawa
couplings and the corresponding gravity parameters fg and fy for the sce-

narios investigated in this work.

g∗D = 0 is also allowed, but it is not phenomenologically interesting as it would imply a
non-interacting Z′. The quantities Q̃Y, Q̃X , and Q̃YX are defined in Eqs. (5.86)–(5.88) in
Appendix 5.B. It is possible to make the kinetic mixing vanish at the fixed point, provided
Q̃YX = 0. One may use 5.88 to determine whether or not this happens in the models intro-
duced in Sec. 5.2.1. We analyze three cases, summarized in Table 5.1:

• Model 1A, with VL leptons introduced in 5.23 of Sec. 5.2.1.3 and QL = QS

• Model 1B, same as above but QL = −QS

• Model 2, with Lµ − Lτ symmetry as described in Sec. 5.2.1.2.

In Model 1A the kinetic mixing gϵ vanishes at the fixed point. Moreover, it is not generated
through the running, as the corresponding beta function is multiplicative in gϵ, see 5.85 in
Appendix 5.B.
With no loss of generality, we shall henceforth set QS = 1. The gravity parameter fg is
uniquely determined by matching gY onto its phenomenological value in the IR, gY(Mt) =

0.358. One obtains fg = 0.012 in models 1A, 1B, and fg = 0.010 in Model 2.
The second quantum gravity parameter, fy, is fixed by postulating that at least one of the
SM Yukawa couplings presents a UV interactive fixed point [192],

y∗t = Ft
(

fg, fy
)

and/or y∗b = Fb
(

fg, fy
)

. (5.34)

The flow along an irrelevant direction, from the fixed point down to the IR, is then matched
onto the value of the corresponding quark mass. Finally, we associate the CKM matrix ele-
ment V33 with a relevant direction and assume it is zero at the fixed point [195]:

V∗
33 = 0 . (5.35)

Once the fg, fy parameters are extracted by matching the SM couplings to their IR value, one
proceeds to determine the UV fixed points of the NP Yukawa couplings in 5.31. The process
will eventually lead to specific low-scale predictions, as long as those couplings correspond
to irrelevant directions in theory space. Out of the full set of fixed points, we extract those
with maximal predictivity, which belong to two classes of trans-Planckian solutions,

FPM,a : λ∗
Q,2 ̸= 0, λ∗

Q,3 = 0 ,

FPM,b : λ∗
Q,2 = 0, λ∗

Q,3 ̸= 0 , (5.36)

where the subscript M = 1A, 1B, 2 spans the models in Table 5.1. Moreover, in models 1A,
1B we require

λ∗
L,2 ̸= 0 . (5.37)
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gY(k0) gD(k0) gϵ(k0) yt(k0) λQ,3(k0) λQ,2(k0) λL,2(k0)
FP1A,a 0.364 0.305 0 1.08 -0.381 0.016 0.823
FP1A,b 0.364 0.305 0 1.09 0.034 0.803 0.606
FP1B,a 0.363 0.318 0.110 1.05 -0.612 0.296 0.652
FP1B,b 0.363 0.318 0.110 1.08 0.004 0.874 0.499
FP2,a 0.363 0.277 0.052 1.03 -0.700 0.638 –
FP2,b 0.363 0.277 0.052 1.10 0.040 0.988 –

TABLE 5.3: Values of the gauge and Yukawa couplings of the scenarios inves-
tigated in this work at the reference “collider” scale of k0 = 2 TeV.

Note that a fully interactive solution with real Yukawa couplings λ∗
Q,2 ̸= λ∗

Q,3 ̸= 0 does not
exist. Conversely, we neglect the solution λ∗

Q,2 = λ∗
Q,3 = 0 along a relevant direction because

that choice would not lead to an enhancement in predictivity with respect to the simplified
model approach.
The list of all fixed points of phenomenological interest, together with the values assumed
by fg and fy for the three scenarios considered in this study is presented in Table 5.2. We
can only reproduce the IR value of the bottom mass if y∗b = 0 (relevant). Conversely, the
top Yukawa coupling at the fixed point is irrelevant and thus in principle the parameter fy

should be determined by the top quark mass like in 5.34. However, there exists a minimum
fy allowing y∗b = 0 to be relevant and therefore we adopt that as the fy value of choice.
Once the quantum gravity contribution to the RGEs is turned off below MPl, the system of
the couplings is run down to an indicative “collider” scale, which we set at k0 = 2 TeV.
For the models considered in this work, the values of the couplings at k0 are presented in
Table 5.3. Note that in the two-family approximation adopted here we do not generate ra-
diatively λQ,1. However, one should bear in mind that in the more realistic three-family
approach a small λQ,1(k0) ≲ 10−5 can arise due to the additive contributions in its RGE,

dλQ,1

dt
≃ −y2

t V31

16 π2

(
V32λQ,2 + V33λQ,3

)
. (5.38)

An attentive look at the low-scale predictions in Table 5.3 shows that the running kinetic mix-
ing coupling gϵ vanishes at all scales in Model 1A but is instead different from zero in mod-
els 1B and 2, in agreement with the corresponding value of Q̃YX reported in Table 5.1. One
can thus compute with 5.82 in Appendix 5.B the corresponding ϵ(k0) = 0.29 in Model 1B,
and ϵ(k0) = 0.14 in Model 2. As will be discussed in detail in Sec. 5.2.3, these values lead
to the direct exclusion of Model 1B and Model 2 at the LHC. For this reason, we shall focus
entirely on Model 1A for the remainder of this subsection.
We show the trans-Planckian flow from FP1A,a in Fig. 5.1(a) and the flow from FP1A,b in
Fig. 5.1(b). At the fixed point FP1A,a coupling λQ,2 is of the irrelevant type. Conversely, the
system of couplings (V33, λQ,3) spans a 2-dimensional submanifold in theory space, on which
both couplings are relevant but do not correspond to eigendirections of the stability matrix.
An attentive look at Fig. 5.1(a) shows the likely appearance, on the left-hand side of the
plot, where the flow approaches from above the Planck scale, of an additional IR-attractive
fixed point for the RGE trajectories, distinct from FP1A,a. This fixed point, confirmed by
the numerical analysis, is characterized by V∗

33 = 1, λ∗
Q,3 = −0.1, λ∗

Q,2 = 0, y∗b = 0, all of
them irrelevant. An IR-attractive fixed point of similar features was already observed for
the leptoquark case in Ref. [196]; it effectively washes out much of the freedom associated
with relevant directions in the Yukawa-coupling theory space and sets the typical value the
couplings of the system take at the Planck scale.
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FIGURE 5.1: (a) RG flow of the gauge and Yukawa couplings from trans-
Planckian energies down to the EWSB scale for a scenario characterized by
UV fixed point FP1A,a. The sub-Planckian flow is shown in the inset panel.

(b) The same for FP1A,b.

Note also that the exact mass of the top quark cannot be exactly matched at the EWSB scale.
Because there is a minimum fy value required to make y∗b = 0 relevant, the running yt

always overshoots the SM measurement by about 20%. This is unfortunate, but it seems to
be a feature appearing in other studies of trans-Planckian boundary conditions, in the SM
and NP alike, see, e.g., Refs. [195, 196]. Possibly, a detailed analysis of the RGEs at higher
loop order may shed some light on this issue. However, since a precise determination of the
top mass is not essential to the extraction of the predictions of these Z′ models for flavor and
collider physics, we will leave the investigation of this topic to future work.
At the fixed point of type FP1A,b both the NP Yukawa couplings of the quark sector span ir-
relevant directions. While λQ,3 corresponds to an eigenvector of the stability matrix, the flow
of λQ,2 close to the fixed point is entirely dictated by the UV hypercritical surface relating it
with the (relevant) CKM matrix element V33, λQ,2(t) = F (V33(t)). The trans-Planckian flow
of the parameters of the system is presented in Fig. 5.1(b). As was the case for FP1A,a, the
trajectories eventually cross over to the basin of attraction of an IR-attractive fixed point char-
acterized by V∗

33 = 1, λ∗
Q,2 = 0.2, λ∗

Q,3 = 0, y∗b = 0. Note, however, that in neither Model 1A, a
nor Model 1A, b the new IR-attractive fixed point is ever fully reached, as the requirement
of reproducing the low-energy value of the CKM matrix element V33 implies that the gravi-
tational effects decouple before the system stabilizes. As was the case in Model 1A, a, the IR
value of the top Yukawa coupling is overshot in Model 1A, b by about 20%.

5.2.2.2 Scalar potential

The scalar potential of the models considered in this work is given by

V
(
|h|2 , |S|2

)
= −µ2

hh†h + λh

(
h†h
)2

+ µ2
S S†S + λS

(
S†S

)2
+ λhS

(
S†S

) (
h†h
)

, (5.39)

where µ2
h and λh are the mass parameter and the quartic coupling of the SM Higgs boson

doublet h, µ2
S and λS are the mass parameter and the quartic coupling of the scalar S, and

λhS is the portal coupling. The 1-loop RGEs of the dimensionless parameters of the potential
are given in Appendices 5.C-5.C.
As was mentioned above, the quartic couplings of the scalar potential do not enter at one
loop the RGEs of the gauge-Yukawa system and as such their fixed-point properties will not
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λ∗
h λ∗

S λ∗
hS θh θS θhS

FPA > 0 > 0 ≈ 0+ − − −
FPB > 0 < 0 ≈ 0+ − + −
FPC < 0 > 0 ≈ 0+ + − −
FPD < 0 < 0 > 0 + + −

TABLE 5.4: The sign of real fixed points of the system (λh, λS, λhS) (left-hand
side box) and the signs of the corresponding critical exponents (right-hand

side box) for fλ < 0.

impact the flavor phenomenology in a significant way. On the other hand, predictions can
be derived for the mass of the heavy scalar mH2 , where H2 is a mixture of the the SM Higgs
and the scalar S (dominated by the latter, see Appendix 5.A).
The qualitative properties of the fixed-point (λ∗

h, λ∗
S, λ∗

hS) are the same in all the considered
scenarios. The sign of the real fixed points and corresponding critical exponents are pre-
sented in Table 5.4 for fλ < 0. In three out of the four points the portal coupling develops a
quasi-Gaussian fixed point, |λ∗

hS| ≪ 10−2. In all four points λ∗
hS is positive and IR attractive

for fλ < 0 and negative and UV attractive for fλ > 0.
The actual value of the couplings depends on the model at hand and, most importantly, on
the eventual size and sign of fλ. This is shown in Fig. 5.2. In both panels the fixed points of
Table 5.4 are marked with color dots. The arrows always point towards the UV.
In Fig. 5.2(a) the phase diagram is shown for a negative value fλ = −0.1, which is large
compared to the typical size of the terms involving the gauge and Yukawa couplings in the
RGEs of Appendix 5.C (recall that fg, fy ≲ 10−2, see Table 5.2). It forces the appearance
of a pseudo-Gaussian fixed point, FPA, fully irrelevant, which makes the potential stable at
the Planck scale. Infrared-attractive fixed points of the scalar potential are often discussed
in the literature for their predictivity [178, 179, 204]. However, since in these models we
overshoot the top mass value at low energies – see discussion above – we also overshoot the
Higgs mass at the EWSB scale. The behavior of yt and λh is strongly connected and does not
depend much on the specific form of the Higgs quartic-coupling RGE which, if anything,
features in these models additional positive terms with respect to the SM, allowing for an
easier running. As was the case for the top mass determination, a full two-loop analysis may
be required to shed more light on this issue.
As one increases fλ, towards less negative values, to zero and then positive values, the four
fixed points move up and to the right with respect to Fig. 5.2(a). In Fig. 5.2(b) we show the
case of positive fλ = 0.05, which is also relatively large with respect to the typical size of
the RGE terms of the gauge and Yukawa couplings. In this case, one can refer to the fully
relevant fixed point FPD, which implies that the three quartic couplings become effectively
free parameters and issues with the IR value of the Higgs mass do not arise. The scalar
potential, on the other hand, may possibly become unstable at the Planck scale or, in the
best-case scenario, metastable in a fashion similar to the SM [29]. A detailed analysis of
stability of the scalar potential exceeds the scope of this paper.
We conclude, finally, by pointing out that λ∗

S assumes different values in the two panels
in Fig. 5.2, depending on the selected fλ. Nevertheless, a unique low-scale prediction for
λS(Mt) (and therefore mH2 ) can be extracted, as the sub-Planckian flow of λS is predomi-
nantly determined by the top and NP Yukawa couplings and is quite insensitive to the exact
value of λS at the Planck scale (as long as it remains small). In Model 1A, a we obtain the NP
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FIGURE 5.2: (a) Phase space diagram in the (λh, λS) plane for fλ = −0.1 and
the couplings set at FP1A,a in Table 5.2. (b) Phase space diagram for fλ = 0.05.
The RG flow directions point towards the UV. Color dots correspond to the

fixed points listed in Table 5.4.

couplings
λS(173 GeV) = 0.18 , λhS(173 GeV) = 0.1 , (5.40)

which lead to a prediction for the heavy scalar mass

mH2 ≈ 2.02 mZ′ . (5.41)

A non-zero value of the portal coupling λhS introduces mixing between the SM Higgs and
the scalar singlet S. For the values of the scalar potential couplings given in 5.40, 5.73 in
Appendix 5.A can be used to obtain

sin αH ≈ 20 GeV
mZ′

. (5.42)

This is far below the experimental upper bound which reads sin αH < 0.2 [250].

5.2.3 Experimental constraints on the Z′ models

Since the new fermions introduced in Sec. 5.2.1 are VL they neither generate gauge anomalies
nor induce via loops new axial-vector contributions to the decay of the SM gauge bosons,
which are strongly constrained. Moreover, since the U(1)X symmetry is broken by the vev
of a SM singlet, we do not expect large contributions to the oblique parameters. In other
words, the minimal models we have chosen are safe from the precision physics constraints.
The trans-Planckian fixed-point analysis of the gauge-Yukawa system allows one to pre-
dict the low-scale values of the irrelevant couplings. Since the RG flow of the NP Yukawa
couplings is very slow over the phenomenologically interesting ∼TeV range, these can ef-
fectively be treated as constants at the low scale, which leaves the VL fermion masses mQ,
mL, and the Z′ mass mZ′ as the only remaining free parameters. This is in agreement with
the fact that Lagrangian mass parameters are canonically relevant in AS.
The parameter space of the Z′ models is subject to several constraints. These include: mZ′ -
dependent bounds on the kinetic mixing of neutral gauge bosons; flavor bounds on Bs-
meson mixing; neutrino trident production; and direct bounds on the mass of the VL fermions
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FIGURE 5.3: Our computation of the experimental bound on the kinetic mix-
ing parameter ϵ as a function of the Z′ mass. In solid red the results based
on the 13 TeV analysis by ATLAS [252] are shown. In dashed gray we show
for comparison the 7 TeV exclusion bound derived in Ref. [251]. Dashed blue

and green line indicate the predictions of Models 1B and 2, respectively.

and Z′ boson from NP searches at the LHC.

Kinetic mixing

The kinetic mixing of heavy Z′ (mZ′ > mZ) can be experimentally tested by looking for
narrow Z′ resonances decaying to muons and/or electrons [251]. The dominant produc-
tion channels proceed through the couplings to the first quark generation which, in the
limit mQ, mL ≫ mZ′ , are given in 5.68 of Appendix 5.A. The most recent measurements
by ATLAS [252] and CMS [253], based on 140/fb data set in proton-proton collisions at the
centre-of-mass energy of

√
s = 13 TeV provide upper bounds on the p p → Z′ → l+ l− cross-

section as a function of the Z′ boson mass. These in turn can be translated onto the limit on
the kinetic mixing ϵ.
We compute for the first time the lower bound on mZ′ , based on the ATLAS 13 TeV search.
It is presented in Fig. 5.3 as a red solid line. The cross section for the process p p → Z′ →
l+ l−, where l = e, µ, is simulated with MadGraph5_aMC@NLO v3.4.1 [118]. Note that our
computation is completely model-independent. For comparison, we show as a gray dotted
line the 7 TeV exclusion bound derived in Ref. [251]. The bounds on the kinetic mixing
parameter in Model 1B and Model 2, which is computed with 5.82 in Appendix 5.B, are
superimposed in the plot as a dashed blue (1B) and a dashed green line (2).

B-meson mixing and neutrino trident production

Bs − B̄s transitions can constrain directly the mass parameters. We use [254]

R∆Ms =
∆Mexp.

s

∆MSM
s

− 1 = −0.09 ± 0.08 (5.43)

to impose a bound on mQ, mZ′ . The quantity of interest is parameterized as [255]

R∆Ms =
v2

h

(
gsb

L

)2

m2
Z′

[
g2

2
16π2 (VtbV∗

ts)
2 S0

]−1

, (5.44)
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(A) (B)

FIGURE 5.4: (a) The parameter space of Model 1A, a allowed by the flavor
anomalies and the constraints from Bs-meson mixing and neutrino trident
production in the (mQ, mZ′ ) plane. In different colors the parameter space

corresponding to selected choices of mL. (b) Same for Model 1A, b.

where vh = 246 GeV is the SM Higgs vev, g2 is the SU(2)L gauge coupling, S0 ≈ 2.3 is a loop
function, and gsb

L is given in 5.14.

If Z′ couples to muon neutrinos, a strong enhancement in the neutrino trident production
from scattering on atomic nuclei, N: Nν → νNµ+µ−, is expected [256]. The corresponding
cross section has been measured by the CCFR [257] and CHARM-II [258] collaborations
in agreement with the SM prediction. For mZ′ > 1 GeV, these results translate into the
universal lower bound on the new gauge boson mass,(

mZ′

gν

)
> 500 GeV, (5.45)

where gν denotes a generic coupling of Z′ to neutrinos. In the case of the Lµ − Lτ symmetry
(Model 2) one finds gν = gX , while in the scenario where the interactions of Z′ with the SM
lepton doublet arise through the mixing with VL leptons (Model 1) one finds gν = gµµ

L , with
gµµ

L given in 5.25.

We present in Fig. 5.4(a), in the (mQ, mZ′ ) plane for different choices of mL, the parameter
space of Model 1A, a allowed by a combination of the flavor anomalies constraint given in
5.7, the bound from Bs-meson mixing in 5.43, and the neutrino trident production limit in
5.45. In Fig. 5.4(b) we show the corresponding parameter space for Model 1A, b. Note that
there exists an upper bound on the Z′ mass, mZ′ ∼< 2.5 TeV, which is known to be mostly
due to the Bs-mixing constraint.
The VL fermion mass parameters are bounded as well: 0.5 TeV ≲ mQ ≲ 2.7 TeV in Model 1A, a
and mQ ∼< 5.5 TeV in Model 1A, b; mL ∼< 2.3 TeV in Model 1A, a and mL ∼< 1.6 TeV in
Model 1A, b. Compare these determinations to the mostly unconstrained parameter space of
the simplified model, Eqs. (5.28) and (5.29): the strong predictions for the models’ couplings
that arise from AS open up the enticing possibility of testing the parameter space entirely in
current and future collider searches. We investigate such possibility in Sec. 5.2.3.
By again applying Eqs. (5.6), (5.7), and (5.43) with the coupling values of Table 5.3 one can
easily check that a 2σ upper bound on the Z′ mass, mZ′ ≲ 2.6 TeV, exists in models 1B and 2
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as well. On the other hand, we read in Fig. 5.3 that the 95% C.L. lower bound on the Z′ mass
due to the kinetic mixing reads

Model 1B: mZ′ ∼> 4.7 TeV , (5.46)

Model 2: mZ′ ∼> 3.9 TeV , (5.47)

which unequivocally lead to the full exclusion of Model 1B and Model 2 in the AS frame-
work. Incidentally, the same conclusion does not apply to Model 1A, as the parameter gϵ

(and thus ϵ) remains identically zero in its run from the Planck scale to the scale of de-
coupling of the largest VL mass, max(mQ, mL). Below that scale kinetic mixing is loop-
generated, proportionally to the product of hypercharge Yi and U(1)X charge Qi of the
fermions of label i transforming under both symmetries. The final result,

ϵ ≈ cos θW
gYgX

12π2 ∑
i ∈ fermions

YiQi ln
m2

Q

m2
L
≈ 10−3 , (5.48)

remains however too small for Model 1A to be sensitive to the bound in Fig. 5.3.

Collider searches

The Lagrangians of 5.13 and 5.24 imply the presence of NP particles beyond the SM. The the-
ory contains an up and a down quark of the fourth generation, U4 and D4, degenerate at the
tree level, a charged lepton and Dirac heavy neutrino, E4 and N4, again degenerate, as well
as a heavy Z′ gauge boson and a heavy scalar H2. These particles can in principle be directly
produced at the LHC. In this subsection we briefly discuss the possibility of constraining the
parameter space of Model 1A with the results of the LHC Run II, as well as some prospects
for the future upgrades.

Z′ boson Even in the absence of kinetic mixing, the heavy quark fusion process u(s) u(s) →
Z′ → µ+µ− can impose constraints on the Z′ mass, as was observed, e.g., in Ref. [109]. Since
quark fusion can only proceed through the mixing of VL quarks with the SM quarks u and
s, the corresponding cross section strongly depends on the size of the NP Yukawa couplings
λQ,2 and λQ,3.
Following the strategy described in Sec. 5.2.3, we apply to the process u(s) u(s) → Z′ →
µ+µ− the experimental bounds on the cross section from the ATLAS [252] and CMS [253]
140/fb narrow resonance searches. In Model 1A, b this translates into a 95% C.L. lower
bound on the Z′ mass,

mZ′ ∼> 5 TeV . (5.49)

The bound is quite strong, the main reason being the large value of the Z′ coupling to up
and strange quark pairs due to large λQ,2(k0) = 0.803 (see Table 5.3) and V12 λQ,2(k0) ≈ 0.18.
As Fig. 5.4(b) shows, the constraints from the flavor anomalies and Bs mixing yield

mZ′ ≲ 2 TeV , (5.50)

which makes Model 1A, b excluded. Only Model 1A, a remains untested by the narrow
resonance searches as the production cross section is in this case suppressed by four orders
of magnitude due to the small value λQ,2(k0) = 0.016.
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VL fermions The VL leptons can be pair produced at the LHC via Drell-Yan processes.
Their physical mass at the tree level reads

mE4,N4 =
√

m2
L + λ2

L,2m2
Z′/2g2

X . (5.51)

In Model 1A, a this means that mE4,N4 > mZ′ since, given the values in Table 5.3, λ2
L,2/2g2

X >

1. On the other hand, the hierarchy between E4 and the scalar H2 depends on the relative
size of the Lagrangian parameter mL with respect to mZ′ (recall from Sec. 5.2.2.2 that mZ′ ≈
0.5 mH2 ). If mL ≲ 0.6 mZ′ , the scalar is heavier than the VL lepton and the dominant decay
channel is E4 → Z′µ, followed by Z′ → µ+µ− and Z′ → νµνµ with a branching ratio
of 50% each. These decay chains lead to a characteristic multilepton plus missing energy
(MET) signature, reminiscent of that arising in the production of supersymmetric charginos.
Conversely, if mL > 0.6 mZ′ , the decay channel E4 → H2 µ becomes kinematically allowed,
with characteristic leptons and jets in the final state. As for the VL quarks of the fourth
generation, their physical mass is given at the tree level by

mU4,D4 ≈
√

m2
Q +

(
λ2

Q,2 + λ2
Q,3

)
m2

Z′/2g2
X . (5.52)

They are predominantly produced at the LHC via strong interactions. As long as mU4,D4 ≫
mZ′ the dominant decay channels are U4(D4) → Z′ t(b), U4 → H2 t(b), resulting in a mul-
tijets plus leptons signature which can be tested by the LHC searches tailored to look for
supersymmetric gluinos decaying through stops.
In Fig. 5.5(b) we show the lower exclusion bound on the mass of the heavy VL quarks U4 and
D4. Mainly two searches contribute to the exclusion bound: at mZ′ < mU4,D4 the decay chain
U4 → Z′t is tested by the ATLAS search [259]. At the upper edge, mZ′ ≈ mU4,D4 , decays to
the top quark are not kinematically allowed and the most aggressive bound is placed by the
ATLAS search [260]. The dashed blue line shows, again, the reach obtained by the rescaling
procedure described above.
We summarize the constraints on the parameter space of Model 1A, a in Fig. 5.5(c). The
region allowed by the flavor anomalies and Bs-mixing is shown in the (mL, mZ′ ) plane for
different choices of the VL mass mQ. All parameter space with mQ < 1.3 TeV is excluded
by the ATLAS search [259]. For mQ > 1.3 TeV the regions excluded by hadronic production
searches are shaded in solid gray. Conversely, the current bound from Drell-Yan production
of heavy VL leptons, which is dominated by the CMS 13 TeVanalysis [261], is superimposed
on the plot as a solid blue line, and the high-luminosity projections of Fig. 5.5(a) correspond
to the dashed blue line. We also cover with dashed shadings the regions corresponding to
the high-luminosity projection of Fig. 5.5(b). We evince that future coverage of the hadronic
production will exclude the entire parameter space up to approximately mQ ≈ 1.5 TeV, and
significantly test the regions at higher mQ values. The regions that remain beyond reach
in hadronic production, on the other hand, like the area shaded in red corresponding to
mQ = 2.6 TeV, will be probed deeply by the Drell-Yan searches.

5.2.4 Summary and conclusions

In this section, we considered two simple and well-known Z′ extensions of the SM providing
a solution to the long-standing flavor anomalies in b → sµ+µ− transitions. We constrained
them with a double “chokehold” consisting, in the deep UV, of well-motivated boundary
conditions for the otherwise free parameters of the models and, in the IR, of a comprehensive
study of the most recent experimental bounds applying to them.
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(A) (B)

(C)

FIGURE 5.5: (a) 95% C.L.lower exclusion bound on the mass of heavy VL
leptons E4 and N4 from the CMS 13 TeV search [261] (solid blue line) and
the projection for the future luminosity of 3000 fb−1 (dashed blue line). (b)
95% C.L.lower exclusion bound on the mass of heavy VL quarks U4 and D4
from the 13 TeV ATLAS searches [259] and [260] (solid blue line) and the
corresponding projection (dashed blue line). (c) In the (mL, mZ′ ) plane, the
parameter space of Model 1A, a allowed by the flavor anomalies and the con-
straints from Bs-meson mixing and neutrino trident production. The present
95% C.L.exclusion bound on the VL quark mass is denoted in solid gray,
while the corresponding projection for 3000 fb−1 with dashed shadings. The
95% C.L.exclusion bound on the VL lepton mass and corresponding projec-

tion are indicated by a solid blue line and a dashed blue line, respectively.
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In the models we considered the extra U(1)X gauge symmetry is broken by the vev of a
scalar SM singlet and the flavor non-diagonal couplings of the Z′ to the s and b quarks
are generated via the mixing with heavy quarks of a VL fourth generation, which carry
U(1)X charge. While in Model 1 we apply the same mechanism to the lepton sector and
generate the coupling of the Z′ to muons via the mixing of the latter with heavy VL leptons,
in Model 2 the Lµ − Lτ symmetry is employed to generate the Z′µµ coupling directly. Those
two constructions lead to different expectations for the Z′/γ kinetic mixing. Moreover, we
considered two different choices of the charges within Model 1 itself, also leading to different
expectations for the kinetic mixing, which we dub as Model 1A and Model 1B.
In order to constrain the resulting three scenarios in the UV, we chose to apply the ansatz of
trans-Planckian AS. This is based on the assumption that, while the particles at the collider
scale should be responsible for the flavor anomalies, a “desert” devoid of any other NP state
extends all the way up to the Planck scale. At MPl, interactions of the matter states with
quantum gravity or some other physics lead to the appearance of fixed points for the beta
functions of the dimensionless couplings in the Lagrangian. We thus performed a fixed-
point analysis of the three models to determine the relevant (UV-attractive) and irrelevant
(IR-attractive) directions in theory space. While the former identify the effectively free pa-
rameters of the Lagrangian, the latter yield predictions for the couplings, which in turn can
be tested experimentally once the gravity interactions are decoupled at MPl and the system
is run back down to the EWSB scale.
Thanks to the trans-Planckian fixed-point analysis we were able to derive a fairly precise
determination of the abelian kinetic mixing ϵ, the NP Yukawa couplings, and the scalar
quartic couplings. We then compared the obtained results with the Wilson coefficient ranges
favored in the global EFT analyses to identify the allowed NP mass ranges. The emerging
parameter space was finally subjected to a phenomenological analysis of the most recent
ATLAS and CMS constrains, which we simulated numerically. In particular, we computed
the most recent 95% C.L. bound on the (mZ′ , ϵ) plane from Z′ production searches, based on
the 13 TeV data set. We found that this search excludes two out of the three scenarios (1B
and 2) due to the insurmountable constraint on the large kinetic mixing generated along the
flow from the Planck scale down.
Conversely, the same strong bound can be evaded in Model 1A with an appropriate choice
of the U(1)X charges. We have thus subjected this last scenario to the bounds from direct pro-
duction of VL heavy quarks and leptons at the LHC. By using CheckMate, we identified the
parameter space excluded at the 95% C.L., and we computed the projections for the planned
increase in luminosity in future runs. We showed that direct NP searches are effective in
excluding the parameter space consistent with the flavor anomalies and have the potential
to bite into the unconstrained regions in even greater depth.
Overall, this work confirms the findings of several recent studies, from our group and others,
pointing to the dramatic boost in predictivity that can be obtained by endowing NP scenarios
with UV completions based on the well-motivated assumption of trans-Planckian AS. If the
flavor anomalies are eventually confirmed to be real in future experimental data at LHCb
and Belle II, the possibility of observing NP particles directly at the LHC rather than in a
more powerful, yet-to-be-conceived machine, may point to the existence of a UV completion
based on the ultra-high scale properties of quantum gravity.
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Appendix 5.A: Rotations to the physical basis

Fermions We construct the mass matrix M for the Weyl spinor components of generic
fermions f ′i = ( f ′L,i, f ′†R,i)

T of generation i,

L ⊃ (M)ij f ′R,i f ′L,j + H.c. , (5.53)

where a sum over repeated indices is implied. Following Sec. 5.2.1, the mass matrix takes
the generic form

MQ(L) =
1√
2


y1vh 0 0 0

0 y2vh 0 0
0 0 y3vh 0

λQ(L),1vS λQ(L),2vS λQ(L),3vS
√

2 mQ(L)

 , (5.54)

which can be applied to quarks (Q = U, D) and/or to the leptons (L = E, N). In 5.54 the SM
fermions have been rotated to their diagonal basis already.
We now diagonalize the 4 × 4 matrix M (= MQ,ML) by means of 2 unitary matrices UL,
UR,

Mdiag = U †
RMUL , (5.55)

and express the fermion “gauge” eigenstates (primed) as function of the physical eigenstates
(unprimed) as

f ′L,i = (UL)ik fL,k (5.56)

f ′R,i = (UR)
∗
ik fR,k , (5.57)

where, again, a sum over repeated indices is implied.
A VL fermion of generation k̄, charged under the U(1)X symmetry with QX ̸= 0, develops a
gauge interaction with the Z′ boson,

L ⊃ gXQX
(

f̄ ′k̄γµ f ′k̄
)

Z̃′
µ . (5.58)

One can insert Eqs. (5.56), (5.57) into 5.58 to extract the couplings of the Z′ to the physical
particles. One gets

L ⊃ f̄iγ
µ
(

gij
L PL + gij

RPR

)
f j Z̃′

µ , (5.59)

where
gij

L = gXQX(U †
L)ik̄ (UL)k̄j , gij

R = gXQX(U †
R)ik̄ (UR)k̄j . (5.60)

Note that the specific texture considered in 5.54 leads to gij
R = 0 for i, j ̸= k̄, in agreement

with the results of Sec. 5.2.1.1 and Sec. 5.2.1.3.

Neutral gauge bosons In the presence of fermions charged under the U(1)Y and U(1)X

gauge groups kinetic mixing of the abelian gauge bosons, ϵ, will be generated in the La-
grangian. Let us consider

L ⊃ −1
4

Wi
µνWiµν − 1

4
BµνBµν − 1

4
XµνXµν − ϵ

2
BµνXµν, (5.61)

where Wi
µν, Bµν and Xµν are the field strength tensors of SU(2)L, U(1)Y, and U(1)X , respec-

tively. After both the electroweak and U(1)X symmetries are spontaneously broken, the three
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neutral gauge bosons mix at the tree level. Once the kinetic terms are canonically normalized
the relation between the gauge and physical bases up to O(ϵ) reads [262]

Z̃µ = Zµ cos θM + Z′
µ sin θM , (5.62)

Ãµ = Aµ + ϵ cos θW(Z sin θM − Z′
µ cos θM) , (5.63)

Z̃′
µ = Zµ(− sin θM + ϵ cos θM sin θW) + Z′

µ(cos θM + ϵ sin θM sin θW) , (5.64)

where we indicate the fields in the unrotated basis with a tilde and those in the physical basis
without tilde. Here sin θW is the Weinberg angle and we define the mixing angle tan θM =

1/(β ±
√

β2 + 1) as

β =
m2

Z,SM
(
1 − ϵ2 cos2 θW

)2 − m2
Z′
(
1 − ϵ2 − ϵ2 sin2 θW

)
2 m2

Z′ ϵ sin θW
√

1 − ϵ2
, (5.65)

where m2
Z,SM = (g2

2 + g2
Y) v2

h/4 and m2
Z′ = g2

XQ2
Sv2

S like in Sec. 5.2.1.1 The +(−) sign in the
line above 5.65 applies to the case mZ,SM > mZ′ (mZ,SM < mZ′).
The flavor-diagonal couplings of the SM gauge bosons Ãµ and Z̃µ to a fermion f = ( fL, f †

R)
T ,

of electric charge Q̃ f , read

L ⊃ gY cos θW Q̃ f
(

f̄ γµ f
)

Ãµ +
g2

cos θW
f̄ γµ

(
c f

LPL + c f
RPR

)
f Z̃µ , (5.66)

where
c f

L,R =
(

T fL,R
3 − Q̃ f sin2 θW

)
, (5.67)

with T fL,R
3 denoting the third component of weak isospin. From Eqs. (5.62), (5.63) and 5.65

one can read off the coupling of the physical Z′ boson to the SM fermions. Up to O(ϵ) one
obtains

L ⊃ −ϵ gY cos2 θW Q̃ f
(

f̄ γµ f
)

Z′
µ + ϵ g2 tan θW

m2
Z′

m2
Z′ − m2

Z,SM
f̄ γµ

(
c f

LPL + c f
RPR

)
f Z′

µ . (5.68)

Due to the flavor construction described in Appendix 5.A the model also features interac-
tions of the Z̃′

µ boson with fermions of different generations i, j. Consider the Lagrangian
in 5.59 which, to provide a solution for the flavor anomalies, must apply in particular to the
quarks of the second and third generation, and to the leptons of the second generation. After
plugging in 5.64 one can extract the off-diagonal couplings of the physical Z′ boson to the
fermions. Equation (5.59) remains unchanged at O(ϵ).

Scalars The scalar potential of the models considered in this study takes the form

V
(
|h|2 , |S|2

)
= −µ2

h h†h + λh

(
h†h
)2

+ µ2
S S†S + λS

(
S†S

)2
+ λhS

(
S†S

) (
h†h
)

, (5.69)

where
h : (1, 2, 1/2, 0) , (5.70)

is the SM Higgs doublet.
After the breaking of the electroweak and U(1)X symmetries, respectively by the vev’s vh

and vS, the mass matrix for the real part of the neutral component of the Higgs doublet h

1Note that the these expressions have to be further modified at O(ϵ2) by the rotation (5.65) – the full form of the
Z and Z′ physical masses can be found, e.g., in Ref. [262].
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and the real part of the scalar S takes the form

m2
H =

(
−µ2

h + 3λhv2
h +

1
2 λhSv2

S λhSvSvh

λhSvSvh µ2
S + 3λSv2

S +
1
2 λhSv2

h

)
. (5.71)

Equation (5.71) can be diagonalized by an orthogonal matrix ZH such that

(m2
H)diag = ZHm2

HZT
H . (5.72)

The mixing angle αH parameterizing the matrix ZH is given by

sin αH =
λhS vh vS

2
√

λ2
hv4

h + λ2
hSv2

hv2
S − 2λhλSv2

hv2
S + λ2

Sv4
S

, (5.73)

and the physical masses of the scalars H1 and H2 can be expressed in terms of the parameters
in 5.69 as

mH1 =

√
λhv2

h + λSv2
S −

√
λ2

hv4
h + λ2

hSv2
hv2

S − 2λhλSv2
hv2

S + λ2
Sv4

S ,

mH2 =

√
λhv2

h + λSv2
S +

√
λ2

hv4
h + λ2

hSv2
hv2

S − 2λhλSv2
hv2

S + λ2
Sv4

S . (5.74)

Appendix 5.B: RGEs in the presence of two U(1) group factors

Let us consider a gauge theory with a symmetry group U(1)Y×U(1)X , with the correspond-
ing gauge couplings denoted as gY and gX . If the theory contains a fermion f transforming
under both symmetry factors with charges QY, QX , kinetic mixing ϵ is generated between
the two abelian groups. The gauge part of the Lagrangian takes the form

L ⊃ −1
4

BµνBµν − 1
4

XµνXµν − ϵ

2
BµνXµν

+i f̄
(
∂µ − igYQY B̃µ − igXQXX̃µ

)
γµ f , (5.75)

where we indicate with B̃µ and X̃µ the gauge bosons of U(1)Y and U(1)X , respectively, and
Bµν and Xµν are the corresponding field strength tensors.
In order to modify the RGEs with trans-Planckian corrections linear in the gauge couplings
it is convenient to work in a basis in which the gauge fields are canonically normalized. This
can be achieved by a rotation [263, 264](

B̃µ

X̃µ

)
=

(
1 −ϵ/

√
(1 − ϵ2)

0 1/
√
(1 − ϵ2)

)(
Vµ

Dµ

)
, (5.76)

which parameterizes the gauge interaction vertices of Lagrangian (5.75) in terms of a “visi-
ble” gauge boson Vµ and a “dark” gauge boson Dµ:

(QY QX)

(
gY 0
0 gX

)(
B̃µ

X̃µ

)
→ (QY QX)

(
gV gϵ

0 gD

)(
Vµ

Dµ

)
. (5.77)

The elements gV , gD, and gϵ are related to the original gauge couplings gY, gX and the kinetic
mixing ϵ as

gV = gY, gD =
gX√

1 − ϵ2
, gϵ = − ϵgY√

1 − ϵ2
. (5.78)
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Generic sub-Planckian RGEs in the gV , gD and gϵ basis are given by [264]

dgV
dt

=
1

16π2
2
3

d(RF3)d(RF2) Q2
Y g3

V (5.79)

dgD
dt

=
1

16π2
2
3

d(RF3)d(RF2)
(

Q2
Yg2

ϵ + 2QYQX gϵgD + Q2
X g2

D

)
gD (5.80)

dgϵ

dt
=

1
16π2

2
3

d(RF3)d(RF2)
[

Q2
Y(2g2

V gϵ + g3
ϵ) + 2QYQX gD(g2

D + g2
ϵ) + Q2

X g2
Dgϵ

]
,(5.81)

where d(RF3) is the dimension of the SU(3)c representation RF3 under which the fermion f
transforms and d(RF2) is the corresponding dimension of the SU(2)L representation RF2.
While Eqs. (5.79) and (5.80) are multiplicative in the respective gauge couplings, 5.81 shows
that gϵ may be generated additively, if and only if both charges QY, QX are different from
zero. It is easy to invert 5.78 and read off the kinetic mixing from the running couplings:

ϵ =
gϵ√

g2
ϵ + g2

V

. (5.82)

In the presence of multiple fields charged under U(1)Y, U(1)X , or both, Eqs. (5.79)-(5.81) can
be rewritten in compact form,

dgV
dt

=
1

16π2 Q̃Y g3
V (5.83)

dgD
dt

=
1

16π2

(
Q̃Yg2

ϵ + 2 Q̃YX gϵgD + Q̃X g2
D

)
gD (5.84)

dgϵ

dt
=

1
16π2

[
Q̃Y

(
2 g2

V gϵ + g3
ϵ

)
+ 2 Q̃YX gD

(
g2

V + g2
ϵ

)
+ Q̃X g2

Dgϵ

]
, (5.85)

where the one-loop coefficients Q̃Y, Q̃X and Q̃YX are defined as

Q̃Y =
2
3 ∑

i
d(Ri3)d(Ri2)Q2

Yi +
1
3 ∑

j
d(Rj3)d(Rj2)Q2

Yj (5.86)

Q̃X =
2
3 ∑

i
d(Ri3)d(Ri2)Q2

Xi +
1
3 ∑

j
d(Rj3)d(Rj2)Q2

Xj (5.87)

Q̃YX =
2
3 ∑

i
d(Ri3)d(Ri2)QYiQXi +

1
3 ∑

j
d(Rj3)d(Rj2)QYjQXj , (5.88)

where QYi(j) and QXi(j) are the abelian charges of a fermion (scalar) particle of index i (j)
under U(1)Y and U(1)X , respectively, and the sums run over all the fermions and scalars in
the theory.

Appendix 5.C: RGEs of the gauge-Yukawa-quartic system

The elements of the SM and NP Yukawa matrices are all subject to modifications due to RGE
running. When working in the mass basis the scale dependence of the rotation matrices is
encapsulated in the running of the elements of the CKM matrix, see, e.g., Appendices A and
B of Ref. [196] and references therein for a discussion. Following the procedure detailed
there, we compute the RGEs in the flavor basis with SARAH v4.14.0 [265] and RGBeta [266]
and then transform them to the quark mass basis. We work in the “down-origin” approach,
in which the NP Yukawa couplings of the up-type quarks are related to the more “funda-
mental” down-type Yukawa couplings λQ,i by a CKM rotation. We then employ the 2-family
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approximation, in which the CKM matrix is orthogonal and defined by one independent pa-
rameter,

V22 = V33 , V23 = −V32 =
√

1 − V332 . (5.89)

In the following we present the trans-Planckian RGEs of the models defined in Table 5.1. All
parameters that are not shown explicitly are considered to be zero and relevant at the UV
fixed point. We restrict our analysis to one loop and consider only trans-Planckian correc-
tions to the RGEs that are linear in the coupling constants, neglecting the effects of higher
order terms. Note that t = log k.

Model 1 (VL leptons)

Gauge sector Model 1A
dg3

dt
= −17

3
g3

3
16π2 − fgg3 (5.90)

dg2

dt
= −1

2
g3

2
16π2 − fgg2 (5.91)

dgY
dt

=
139
18

g3
Y

16π2 − fggY (5.92)

dgD
dt

=
1

16π2

(
11g2

D +
139
18

g2
ϵ

)
gD − fggD (5.93)

dgϵ

dt
=

1
16π2

(
11g2

Dgϵ +
139

9
g2

Ygϵ +
139
18

g3
ϵ

)
− fggϵ (5.94)

Gauge sector Model 1B
dg3

dt
= −17

3
g3

3
16π2 − fgg3 (5.95)

dg2

dt
= −1

2
g3

2
16π2 − fgg2 (5.96)

dgY
dt

=
139
18

g3
Y

16π2 − fggY (5.97)

dgD
dt

=
1

16π2

(
11g2

D +
139
18

g2
ϵ −

16
3

gDgϵ

)
gD − fggD (5.98)

dgϵ

dt
=

1
16π2

(
11g2

Dgϵ +
139

9
g2

Ygϵ +
139
18

g3
ϵ −

16
3

gDg2
Y − 16

3
gDg2

ϵ

)
− fggϵ (5.99)

Yukawa and scalar sector

dyt

dt
=

1
16π2

[
3y2

b +
9
2

y2
t −

17
12

g2
Y − 17

12
g2

ϵ −
9
4

g2
2 − 8g2

3 −
3
2

V33
2y2

b

+
1
2

V32
2(λQ,2)

2 + V32V33λQ,3λQ,2 +
1
2

V33
2(λQ,3)

2
]

yt − fyyt (5.100)

dyb
dt

=
1

16π2

[
9
2

y2
b + 3y2

t −
5

12
g2

Y − 5
12

g2
ϵ −

9
4

g2
2 − 8g2

3 −
3
2

V33
2y2

t +
1
2
(λQ,3)

2
]

yb − fyyb

(5.101)
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dλQ,2

dt
=

1
16π2

{[
7(λQ,2)

2 +
13
2
(λQ,3)

2 + 2(λL,2)
2 +

1
2

y2
t V32

2 − 9
2

g2
2 − 8g2

3

−1
6

g2
Y − 1

6
g2

ϵ − 3g2
D + gDgϵ

]
λQ,2 + 2y2

t V32V33λQ,3

}
− fyλQ,2 (5.102)

dλQ,3

dt
=

1
16π2

{[
15
2
(λQ,2)

2 + 7(λQ,3)
2 + 2(λL,2)

2 +
1
2

y2
b +

1
2

y2
t V33

2 − 9
2

g2
2 − 8g2

3

−1
6

g2
Y − 1

6
g2

ϵ − 3g2
D + gDgϵ

]
λQ,3 − y2

t V32V33λQ,2

}
− fyλQ,3 (5.103)

dλL,2

dt
=

1
16π2

[
6(λQ,2)

2 + 6(λQ,3)
2 + 3(λL,2)

2 − 9
2

g2
2 −

3
2

g2
Y − 3

2
g2

ϵ − 3g2
D

+ 3gDgϵ

]
λL,2 − fyλL,2 (5.104)

d|V33|
dt

=
V23

16π2

[
−3

2
V23V33y2

b +
1
2

(
V22V32(λQ,2)

2

+V22V33λQ,2λQ,3 + V23V32λQ,2λQ,3 + V23V33(λQ,3)
2
)]

− V32

16π2

[
3
2

V32V33y2
t −

1
2

λQ,2λQ,3

]
(5.105)

dλh
dt

=
1

16π2

[
3
8
(g2

Y + g2
ϵ)

2 +
3
4
(g2

Y + g2
ϵ)g2

2 +
9
8

g4
2 − 3g2

Yλh − 3g2
ϵλh − 9g2

2λh

+24λ2
h + λ2

hS + 12y2
bλh + 12y2

t λh − 6y4
b − 6y4

t )
]
− fλλh (5.106)

dλS
dt

=
1

16π2

[
6g4

Dg2
Y/(g2

Y + g2
ϵ) + 2λ2

hS − 12g2
DλS + 20λ2

S + 8(λL,2)
2λS − 4(λL,2)

4

+24(λQ,2)
2λS + 24(λQ,3)

2λS − 12
(
(λQ,2)

2 + (λQ,3)
2
)2
]
− fλλS (5.107)

dλhS
dt

=
1

16π2

[
−3

2
g2

YλhS −
9
2

g2
2λhS − 6g2

DλhS + 12λhλhS + 4λ2
hS + 8λhSλS

+4(λL,2)
2λhS + 12(λQ,2)

2λhS + 12(λQ,3)
2λhS + 6y2

bλhS + 6y2
t λhS

−12y2
b(λQ,3)

2 − 12y2
t V32

2(λQ,2)
2 − 12y2

t V33
2(λQ,3)

2

−12y2
t V32V33λQ,2λQ,3

]
− fλλhS . (5.108)

Model 2 (Lµ − Lτ)
dg3

dt
= −17

3
g3

3
16π2 − fgg3 (5.109)

dg2

dt
= −7

6
g3

2
16π2 − fgg2 (5.110)

dgY
dt

=
127
18

g3
Y

16π2 − fggY (5.111)
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dgD
dt

=
1

16π2

[
37
3

g2
D − 8

3
gDgϵ +

127
18

g2
ϵ

]
gD − fggD (5.112)

dgϵ

dt
=

1
16π2

[
37
3

g2
Dgϵ −

8
3

gDg2
ϵ −

8
3

gDg2
Y +

127
18

g3
ϵ +

127
9

gϵg2
Y

]
− fggϵ (5.113)

dyt

dt
=

1
16π2

[
3y2

b +
9
2

y2
t −

17
12

g2
Y − 17

12
g2

ϵ −
9
4

g2
2 − 8g2

3 −
3
2

V33
2y2

b

+
1
2

(
V32

2(λQ,2)
2 + 2V32V33λQ,3λQ,2 + V33

2(λQ,3)
2
)]

yt − fyyt (5.114)

dyb
dt

=
1

16π2

[
9
2

y2
b + 3y2

t −
5

12
g2

Y − 5
12

g2
ϵ −

9
4

g2
2 − 8g2

3 −
3
2

V33
2y2

t +
1
2
(λQ,3)

2
]

yb − fyyb

(5.115)

dλQ,2

dt
=

1
16π2

{[
7(λQ,2)

2 +
13
2
(λQ,3)

2 − 1
6

g2
Y − 1

6
g2

ϵ − 3g2
D + gDgϵ −

9
2

g2
2 − 8g2

3

+
1
2

y2
t V32

2
]

λQ,2 + 2y2
t V32V33λQ,3

}
− fyλQ,2 (5.116)

dλQ,3

dt
=

1
16π2

{[
15
2
(λQ,2)

2 + 7(λQ,3)
2 − 1

6
g2

Y − 1
6

g2
ϵ − 3g2

D + gDgϵ −
9
2

g2
2 − 8g2

3

+
1
2

y2
b +

1
2

y2
t V33

2
]

λQ,3 − y2
t V32V33λQ,2

}
− fyλQ,3 (5.117)

d|V33|
dt

=
V23

16π2

[
−3

2
V23V33y2

b +
1
2

(
V22V32(λQ,2)

2

+V22V33λQ,2λQ,3 + V23V32λQ,2λQ,3 + V23V33(λQ,3)
2
)]

− V32

16π2

[
3
2

V32V33y2
t −

1
2

λQ,2λQ,3

]
(5.118)

dλh
dt

=
1

16π2

[
3
8
(g2

Y + g2
ϵ)

2 +
3
4
(g2

Y + g2
ϵ)g2

2 +
9
8

g4
2 − 3g2

Yλh − 3g2
ϵλh − 9g2

2λh

+24λ2
h + λ2

hS + 12y2
bλh + 12y2

t λh − 6y4
b − 6y4

t )
]
− fλλh (5.119)

dλS
dt

=
1

16π2

[
6g4

Dg2
Y/(g2

Y + g2
ϵ) + 2λ2

hS − 12g2
DλS + 20λ2

S + 24(λQ,2)
2λS + 24(λQ,3)

2λS

−12
(
(λQ,2)

2 + (λQ,3)
2
)2
]
− fλλS (5.120)

dλhS
dt

=
1

16π2

[
−3

2
g2

YλhS −
9
2

g2
2λhS − 6g2

DλhS + 12λhλhS + 4λ2
hS + 8λhSλS

+12(λQ,2)
2λhS + 12(λQ,3)

2λhS + 6y2
bλhS + 6y2

t λhS

−12y2
b(λQ,3)

2 − 12y2
t V32

2(λQ,2)
2 − 12y2

t V33
2(λQ,3)

2

−12y2
t V32V33λQ,2λQ,3

]
− fλλhS . (5.121)
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5.3 How robust are particle physics predictions in asymp-
totic safety?

This section is based on "How robust are particle physics predictions in asymptotic
safety?" by W. Kotlarski, K. Kowalska, D. Rizzo, E. M. Sessolo, [3].

5.3.1 Introduction

While in the absence of a fully developed theory of quantum gravity the heuristic approach
described in section 5.1 has proven to be extremely fruitful for phenomenological studies
in particle physics, it is also important to be aware that it is based on several simplifying
approximations:

• The dimensional regularization matter beta functions are typically computed at 1-loop

• The Planck scale is set arbitrarily at MPl = 1019 GeV

• The scale dependence of fg and fy, which should parameterize the cross-over from the
interactive to non-interactive regime of quantum gravity, is neglected. fg and fy are
treated as constants above the Planck scale and are set to zero below. In other words,
gravity decouples instantaneously at MPl = 1019 GeV.

The question then naturally arises as to how robust the predictions derived in this way can
be considered, and to what extent dropping any of the approximations listed above may
affect a potential observational strategy to test these predictions at the low scale.
In this section we attempt to address the issue in a systematic way. We analyze the effects of
discarding one by one the approximations of the minimal parametric setup. Specifically we
consider

• the inclusion of higher-order corrections in the matter sector

• changing the position of the Planck scale by a few orders of magnitude

• the non-trivial functional dependence of the running gravitational couplings, fg,y(t),
resulting in the non-instantaneous decoupling of the trans-Planckian UV completion.

We limit ourselves to the study of gauge-Yukawa systems of the type (5.1) and (5.2). As we
have mentioned above, the dimensionless parameters of the scalar potential lie on a slightly
different footing. Besides the issue of whether the gravitational correction is multiplicative
or not, it has also been shown that in the SM [180] and some models of NP [2] it is difficult to
obtain the precise value of the Higgs mass if the flow originates from a UV irrelevant fixed
point, so that the predictivity of AS for the scalar potential is often in question and a model-
dependent issue. On the other hand, from the point of view of the RG flow, the parameters of
the scalar potential result somewhat “decoupled” from the gauge-Yukawa system, as they
can only affect 5.1 from the third-loop level up, and 5.2 from the second loop. We shall
quantify, when necessary, the size of the corrections that unknown parameters of the scalar
potential induce on the gauge-Yukawa system via higher-order contributions.
Our main finding is that the predictions in the gauge sector are extremely robust. Each
and every one of the effects listed above induce an uncertainty that does not exceed the
one percent level. The situation is slightly more intricate in the Yukawa sector, where the
uncertainty strongly depends on the size of the predicted coupling itself. We find that, while
Yukawas as large as the SM hypercharge coupling are subject to uncertainties not exceeding
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the five percent level, if they turn out to be much smaller – as a result of fine tuning – their
uncertainties increase significantly.
While the approximations listed above can be abandoned to evaluate the precision of the ob-
tained predictions, the whole heuristic approach relies on a few assumptions which cannot
be removed without compromising critically the predictive power of the fixed point analy-
sis:

1. The trans-Planckian UV completion (whether it be gravity of else) should be responsi-
ble for the disappearance of the Landau pole in the hypercharge gauge coupling of the
SM and for the appearance of an irrelevant fixed point in its place

2. The trans-Planckian UV completion should be responsible for the appearance of an
irrelevant fixed point in at least one of the SM Yukawa couplings

3. There is a “desert” with no new state above the typical scale of the NP model, up to the
Planck scale where the UV completion kicks in (assumption of minimality). More pre-
cisely, new, light or heavy states can actually exist, but they ought to be characterized
by feeble interactions with the visible sector [2].

Point 1 and 3 allow one to extract the value of fg uniquely, by connecting the hypercharge
gauge coupling flow from the Planck scale down to the EWSB scale. Point 1, together with
the fact that fg > 0, implies that the non-abelian gauge couplings of the SM, g3 and g2, re-
main relevant and asymptotically free. Point 2 implies that one can connect an irrelevant SM
direction from the Planck to the EWSB scale and extract uniquely the trans-Planckian value
of fy. All the NP Yukawa couplings for which we seek a prediction should correspond to
irrelevant directions, while the SM Yukawa couplings that are not employed for the deter-
mination of fy, as well as other possible couplings (point 3), will vanish in the deep UV and
correspond to relevant directions in the coupling space.

5.3.2 Reference model predictions at 1 loop

In order to quantify the theoretical uncertainties originating from the approximations listed
in Sec. 5.3.1, one needs a set of “standard candle” predictions to observe how they are mod-
ified when those approximations are dropped.
We introduce two models: the B − L model, for which we seek to predict the dark abelian
gauge coupling, the kinetic mixing, and the NP Yukawa couplings associated with the right-
handed neutrino sector; and a leptoquark (LQ) model, for which we seek to predict the NP
Yukawa interaction of the color-charged leptoquark with a SM quark and a lepton. For each
of these models we derive the RGEs using PyR@TE 3 [267, 268].2 The explicit forms of the
beta functions for the models considered in this study are given in Appendix 5.D.

5.3.2.1 Gauged B − L

We derive predictions for the NP sector of the gauged B − L model [269, 270]. The SM
symmetry is extended by an abelian gauge group U(1)B−L, with gauge coupling gB−L. The
particle content of the SM is extended by one or more right-handed neutrinos and a complex
scalar field S, whose vev spontaneously breaks U(1)B−L. The abelian charges of the SM and
NP fields can be found, e.g., in Refs. [269, 270].

2We use the most recent available version of PyR@TE (PyR@TE master branch). For the gauged B − L we use the
model file distributed with PyR@TE.

https://github.com/LSartore/pyrate/tree/master
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FIGURE 5.6: RG flow of the (a) gauge and (b) Yukawa couplings in the gauged
B − L model from trans-Planckian energies down to the EWSB scale, for a
scenario characterized by the UV fixed points of 5.128 and 5.129. The gray
vertical line indicates the fixed position of the Planck scale, MPl = 1019 GeV.

The Yukawa part of the SM Lagrangian is extended by terms

L ⊃ −YνN (ϵH∗)† L − 1
2

YNSNN + H.c. , (5.122)

where we have used two component spinor notation and ϵ = iσ2. Spinor and SU(2) indices
are understood to be contracted trivially, following matrix multiplication rules. H and L
are the SM Higgs and lepton doublets, respectively, and N is the SM-singlet right-handed
neutrino. Yν and YN are typically 3-by-3 matrices in flavor space. Here, for simplicity, we
will only focus on a single entry of each matrix: yν ≡ (Yν)33 and yN ≡ (YN)33 . When the
scalar S acquires a vev, the right-handed neutrino develops a Majorana mass term.
The abelian gauge part of the Lagrangian takes the form

L ⊃ −1
4

BµνBµν − 1
4

XµνXµν − ϵ

2
BµνXµν

+i f̄
(
∂µ − igYQY B̃µ − igB−LQB−LX̃µ

)
γµ f , (5.123)

where we indicate with B̃µ and X̃µ the gauge bosons of U(1)Y and U(1)B−L, respectively, and
Bµν and Xµν are the corresponding field strength tensors. SM fermions f transform under
both symmetry factors with charges QY, QB−L so that kinetic mixing ϵ is generated between
the two abelian groups.
It is convenient to work in a basis in which the gauge fields are canonically normalized. This
can be achieved by a rotation [263, 264](

B̃µ

X̃µ

)
=

(
1 −ϵ/

√
(1 − ϵ2)

0 1/
√
(1 − ϵ2)

)(
Vµ

Dµ

)
, (5.124)

which parameterizes the gauge interaction vertices of Lagrangian (5.123) in terms of a “visi-
ble” gauge boson Vµ and a “dark” gauge boson Dµ:

(QY , QB−L)

(
gY 0
0 gB−L

)(
B̃µ

X̃µ

)
→ (QY , QB−L)

(
gY gϵ

0 gd

)(
Vµ

Dµ

)
. (5.125)
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The elements gY, gd, and gϵ are related to the original couplings as

gY → gY, gd =
gB−L√
1 − ϵ2

, gϵ = − ϵ gY√
1 − ϵ2

. (5.126)

The value of the gravitational parameter fg is determined by equating the 1-loop RG flow
of the hypercharge gauge coupling onto the low-scale MS value in the SM, in agreement
with assumption 1 in Sec. 5.3.1. We take gSM,MS

Y (Mt = 173.1 GeV) = 0.36 [30]. We extract

fy by equating the 1-loop flow of the top Yukawa coupling to its MS value, ySM,MS
t (Mt) =

0.95 [271], in agreement with assumption 2 in Sec. 5.3.1. We obtain

fg (1 loop) = 0.0097 , fy (1 loop) = 0.0020 , (5.127)

which lead to the following predictions at the irrelevant fixed point:

g∗Y (1 loop) = 0.4734 , g∗d (1 loop) = 0.4420 , g∗ϵ (1 loop) = −0.3450 ,
(5.128)

y∗t (1 loop) = 0.2901 , y∗ν (1 loop) = 0.5398 , y∗N (1 loop) = 0.3868 .
(5.129)

The subsequent low-scale predictions for the dark sector coupling and kinetic mixing, at the
scale Mt, are

gd (Mt, 1 loop) = 0.3343 , gϵ (Mt, 1 loop) = −0.2609 , (5.130)

yν (Mt, 1 loop) = 0.4790 , yN (Mt, 1 loop) = 0.3392 . (5.131)

For practicality reasons, we choose to present the low-scale predictions at the EWSB scale as
reference. In a realistic neutrino-mass model one should decouple the NP at the scale of the
vev of the scalar field S. Note, however, that the dimensionful parameters of the Lagrangian
are canonically relevant and as such they do not emerge as predictions of the fixed-point
analysis.
In Fig. 5.6(a) we show for illustration the RG flow of the three gauge couplings from their
UV fixed point, cf. 5.128, down to the EWSB scale, cf. 5.130. Gravity decouples at the scale
MPl = 1019 GeV, marked as a vertical gray line. The RG flow of the three Yukawa couplings
is presented in Fig. 5.6(b). Note the deviation of yt from its UV fixed-point value, due to the
presence of relevant directions associated with the gauge couplings g3 and g2.

5.3.2.2 Leptoquark S3

The SM is extended in this case by a complex scalar that carries both lepton and baryon
number [272, 273]. Its SU(3)c×SU(2)L×U(1)Y quantum numbers are

S3 : (3̄, 3, 1/3) . (5.132)

Following the notation of Ref. [196], we introduce the Yukawa-type interaction of S3 with
SM fermions as follows

L ∋ −YLQ QTϵS3 L + H.c. , (5.133)

where, again, spinor and SU(2) indices are contracted trivially, Q and L are the SM quark
and lepton doublets, respectively, and YLQ is a 3-by-3 matrix in flavor space. For simplicity
we shall focus only on the 3rd generation, denoting yLQ ≡ (YLQ)33 .
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As before, the gravitational parameters fg and fy are determined by equating the 1-loop RG
flow of the hypercharge gauge coupling and the top Yukawa coupling onto their low-scale
MS values. The resulting gravitational parameters read

fg (1 loop) = 0.0106 , fy (1 loop) = −0.0004 , (5.134)

leading to the following fixed-point values for the irrelevant couplings:

g∗Y (1 loop) = 0.4823 , y∗t (1 loop) = 0.2340 , y∗LQ (1 loop) = 0.1132 . (5.135)

Finally, the low-scale prediction for the LQ coupling yLQ reads

yLQ (Mt, 1 loop) = 0.4270 . (5.136)

5.3.3 Estimation of the uncertainties

The predictions from AS for a specific NP model find perhaps their greatest usefulness when
deriving phenomenological bounds on the relevant parameters of the model in question (e.g.
its masses) [194, 197, 201] or, alternatively, when confronting the model with an experimen-
tal anomaly [2, 110, 196]. In particle physics phenomenology it is natural to interpret a new
experimental bound (or, in alternative, a deviation from the SM emerging in the precision
measurement of a certain process) as an estimate of the NP contribution to the Wilson co-
efficient of a higher-dimensional operator in the EFT. While the size of a Wilson coefficient
generally points to a UV scale of interest, this corresponds to the actual mass of the parti-
cles of the UV completion only if the latter generate the Wilson coefficient at the tree level
with couplings of order one. In practice the picture is more obscure, due to our complete
ignorance of the actual type and strength of UV interactions.
More specifically, the generic EFT matching of a Wilson coefficient CNP to a UV Lagrangian
with couplings ci of unknown strength depends possibly on several factors:

CNP

Λn ≈
cicj

mn
NP

× loop factor × ckvH
mNP

× ... , (5.137)

where Λ sets the scale of the UV physics that is integrated out and the last factor, contain-
ing the Higgs vev vH , is meant to indicate effects that depend explicitly on the breaking
of electroweak symmetry, e.g., the generation of a neutrino mass in see-saw models, or the
presence of a chiral enhancement in dipole operators. As was discussed in Sec. 5.3.2, the as-
sumption of AS can lead to predictions for the dimensionless parameters of the Lagrangian
that are not constrained otherwise. Thus, once the l.h.s. of 5.137 is determined following a
measurement at the low scale, mNP remains the only unknown variable on the r.h.s., which
can be extracted straightforwardly. Following this procedure, under the three assumptions
of Sec. 5.3.1, in Ref. [196] a fairly precise prediction for the mass of the S3 LQ was obtained
from a global fit of the Wilson coefficients of the Weak EFT; in Ref. [110] predictions for the
mass of two vector-like fermions were obtained from the measurement of leptonic dipole
operators; and in Ref. [197] a prediction for the Majorana mass of sterile neutrinos was ob-
tained from the see-saw mechanism.
In this context, pinning down the theoretical uncertainties that mar the predicted couplings ci,
which are then fed into 5.137 to obtain mNP, becomes of crucial importance. Ideally, the er-
ror should remain significantly below the experimental uncertainty on the determination of
the Wilson coefficient CNP. To get a quantitative sense of the precision we expect from the
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asymptotically safe prediction, we point out that observing, for example, an hypothetical de-
viation from the SM at the p σ level in some experiment, would induce a relative uncertainty
on a related Wilson coefficient CNP around its central value, at the level of

δCNP

CNP
≈ 1

p
. (5.138)

Thus, in order for this approach to make sense, we expect the theoretical uncertainty on the
coupling prediction to remain below the few percent level.

5.3.3.1 Impact of higher-order corrections to the beta functions

In this subsection, we describe how the predictions we obtained in Secs. 5.3.2.1 and 5.3.2.2
are modified when we drop the first approximation listed in Sec. 5.3.1. In other words, we
consider the DREG beta functions in the matter sector at perturbation orders higher than 1.
Note, however, that assumptions 1, 2, and 3 in Sec. 5.3.1 must hold throughout this analysis.

Comment on threshold corrections Since we impose initial conditions on the solutions of
2-loop RGEs for the SM couplings, consistency requires that we include threshold corrections
at the 1-loop order. Such corrections would also reduce the uncertainty associated with the
unphysical matching scale.
In the case of an unbroken gauge symmetry, a generic expression for threshold correction
exists. For example, in the S3 LQ model the matching condition for g3 yields (see for exam-
ple [274])

gNP
3 = gSM

3 −
g3

3
(4π)2

1
6

(
ln

mϕ1/3

µ
+ ln

mϕ4/3

µ
+ ln

mϕ−2/3

µ

)
. (5.139)

Assuming, as we do in this work, that the matching scale is set to µ = Mt, this correction
is small even for leptoquarks with masses of a few TeV. If, for example, mϕ1/3 = mϕ4/3 =

mϕ−2/3 = 2 TeV, the relative shift due to 5.139 is smaller than 1%. In the case of a broken
gauge symmetry the expression of threshold corrections is more involved, but the final result
is similar to 5.139 in its analytical form, being a sum of terms involving logs of the NP particle
masses. Therefore, as long as the NP scale is not much different from the matching scale,
threshold corrections remain small.
Matching conditions for the SM Yukawa couplings are obtained by matching the SM fermion
masses, which are measured directly. For example, for the top Yukawa coupling one ob-
tains [274]

yNP
t =

gNP
2 Mt√
2MW

(
1 − δMW

MW
+

δMt

Mt

)
, (5.140)

where MW is the measured mass of the W boson and δ denotes the finite part of the full
self energy. To quantify the impact of threshold corrections on yt we have created an S3

LQ model in FlexibleSUSY [107, 265, 275–279]. For a parameter point with m2
S3

= 1 TeV,
λS3 = λHS3 = 0.1 (see Eq. (5.178) in Appendix 5.D for the definition of those parameters)
and yLQ = 1 we obtain yNP

t = 0.92, as opposed to 0.95 which is the value we use in this
work.
The correct matching of the NP theory to the SM is required to make precise statements
about the values of its parameters. This however depends on the mass spectrum of the
model and possibly on mixing matrices and cannot be done without discussing also the
dimensionful parameters of the matter theory, which are canonically relevant at the fixed
point and therefore cannot be predicted. Since none of the statements made in this work
depend on the treatment of threshold corrections, we do not lose generality by neglecting
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them. In the numerical analysis we will therefore equate the NP equivalents of the SM
parameters to their SM values (as was done in Sec. 5.3.2) also at the 2-loop level.

Gauge couplings Given assumptions 1 and 3 in Sec. 5.3.1, one can estimate the numerical
value of the gravitational correction fg at the fixed point. Once this is extracted, the property
of universality in gravitational interactions can be invoked to find the irrelevant fixed points
of other gauge couplings. As was discussed above, the non-abelian gauge couplings remain
relevant, so that we can limit our analysis to the generic system of abelian couplings. In
agreement with the B − L example, let us consider U(1)Y×U(1)B−L. It is straightforward to
extend our conclusions to any pair of abelian symmetries. As can be seen in Appendix 5.D,
the pertinent RGEs take the following parametric form, common to all models with abelian
mixing:

dgY
dt

=
1

16π2

(
bY + Π(Y)

n≥2

)
g3

Y − fg gY (5.141)

dgd
dt

=
1

16π2

[(
bY + Π(Y)

n≥2

)
gdg2

ϵ +
(

bd + Π(d)
n≥2

)
g3

d +
(

bϵ + Π(ϵ)
n≥2

)
g2

dgϵ

]
− fg gd(5.142)

dgϵ

dt
=

1
16π2

[(
bY + Π(Y)

n≥2

) (
g3

ϵ + 2g2
Ygϵ

)
+
(

bd + Π(d)
n≥2

)
g2

dgϵ

+
(

bϵ + Π(ϵ)
n≥2

) (
g2

Ygd + gdg2
ϵ

)]
− fg gϵ . (5.143)

Equations (5.141)–(5.143) are given in terms of the one-loop coefficients bY, bd, and bϵ, and
generic n-loop contributions,

Π(i)
n≥2 =

1
16π2 ∑

l,k
α
(i)
lk cl ck + ∑

n>2
∑

l1...ln−1

1
(16π2)n−1 α

(i)
l1...ln−1

c2
l1 ...c2

ln−1
, (5.144)

expressed in terms of loop coefficients α
(i)
l1...ln−1

, with i = Y, d, ϵ. The cl parameters indicate
the gauge and Yukawa couplings of the theory (at perturbation order n = 2), or the gauge,
Yukawa, and (quartic)1/2 couplings (at order n > 2). We require that Eqs. (5.141)–(5.143)
develop a zero above the Planck scale.
Assuming for the moment that the fixed point for the gauge couplings is developed sharply
at a MPl = 1019 GeV, one can express the value of fg in terms of the (known) U(1)Y trans-
Planckian fixed point g∗Y, with an accuracy that increases at each successive order,

fg(n loops) ≈
g∗2

Y (n loops)
16π2

(
bY + Π(Y)∗

n≥2

)
, (5.145)

where the asterisk refers to all couplings being set at their UV fixed-point value. The pre-
dicted ratios of the gauge couplings do not depend explicitly on the value of fg. One can
define

r∗g,d(n loops) ≡
g∗d
g∗Y

(n loops) ≈ 2b̃Y√
4b̃Y b̃d − b̃2

ϵ

, (5.146)

r∗g,ϵ(n loops) ≡ g∗ϵ
g∗Y

(n loops) ≈ − b̃ϵ√
4b̃Y b̃d − b̃2

ϵ

, (5.147)

where we have adopted a simplified notation,

b̃i ≡ bi + Π(i)∗
n≥2 . (5.148)
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FIGURE 5.7: Estimated percent uncertainty on the predicted fixed-point ra-
tios of abelian gauge couplings |δr∗g,i/r∗g,i| in the B − L model due to missing
higher-loop contributions. The uncertainty is given as a function of the prod-

uct of abelian gauge couplings at the fixed point.

In order to obtain some quantitative estimates, let us retain for simplicity only the 2-loop
corrections, Π(i)

2 , and quantify the uncertainty on the ratios r∗g,i(=d,ϵ) by calculating

δr∗g,i

r∗g,i
=

r∗g,i(2 loops)− r∗g,i(1 loop)

r∗g,i(1 loop)
. (5.149)

In the B − L model, the 1-loop coefficients read bY = 41/6, bd = 12, bϵ = 32/3. In gen-
eral, the dominant coefficients α

(i)
lk in 5.144 are by far those corresponding to the product

of two gauge couplings. Retaining, thus, only the abelian gauge-coupling contributions in
the 2-loop RGEs of Appendix 5.D, and assuming in the first approximation that all gauge
couplings acquire the same fixed-point value, one can factor out the sums of coefficients α

(i)
lk

and compute them separately keeping track of the relative coupling signs. The percent un-
certainty is presented in Fig. 5.7. It is very similar in the two cases i = d, ϵ. It is shown as
a function of the generic product of abelian gauge couplings |g∗l g∗k | at the fixed point. We
note that the error remains at the percent level, far below the uncertainty typically associated
with Wilson coefficients of higher-dimensional operators of the EFT, see 5.138. Similar levels
of uncertainty apply to the UV predictions of gauge couplings in other models with abelian
gauge mixing, e.g., those analyzed in Ref. [2].
The precise numerical calculation of the 2-loop uncertainties for the B − L model is reported
in Table 5.5. One obtains δr∗g,d/r∗g,d = −0.41% and δr∗g,ϵ/r∗g,ϵ = −0.44%.

Yukawa couplings The discussion can be repeated with small modifications for the Yukawa
couplings. Let us parameterize the full set of Yukawa-coupling RGEs of a generic SM+NP
theory in the following way:

dyr

dt
=

yr

16π2

(
∑

j
a(r)j y2

j − ∑
l,k

a′(r)lk gl gk + ∑
n≥2

Π̃(r)
n

)
+ ∑

m,p,q ̸=r

ymypyq

16π2

(
a′′mpq + ∑

n≥2
∆̃(mpq)

n

)
− fyyr,

(5.150)
where yr(j)=1,2,... label the set of Yukawa couplings in the Lagrangian and gl(k) label the
gauge couplings of the theory. In 5.150 we have defined the generic multiplicative n-loop
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contribution as
Π̃(r)

n ≡ 1
(16π2)n−1 ∑

l1l2...l2n

α
′(r)
l1l2...l2n

cl1 cl2 ...cl2n , (5.151)

and the generic additive n-loop piece as

∆̃(mpq)
n ≡ 1

(16π2)n−1 ∑
l1...l2n−n

α
′′(mpq)
l1...l2n−n

cl1 ...cl2n−2 , (5.152)

in terms of n-loop coefficients α
′(r)
l1...l2n

, α
′′(mpq)
l1...l2n−2

, and of all gauge, Yukawa, and (quartic)1/2

couplings cli entering the Yukawa RGEs at order n ≥ 2 .
Neglecting for the moment the additive part of the beta functions, let us assume we solve
the system (5.150) when all the beta functions are equal to zero. Repeating the steps that led
to the 1-loop results in Sec. 5.3.2, we express the unknown gravitational contribution fy in
terms of one known “reference” fixed-point Yukawa coupling y∗1 , which is in general the top
quark’s.3

Let us retain, for simplicity, only the 2-loop correction. One gets

fy(2 loops) ≈ 1
16π2

[
y∗2

1 (2 loops)× F0

(
a(r)j

)
+ G0

(
∑
l,k

a′(r)lk g∗l g∗k (2 loops) ; a(r)j ̸=1

)
+H0

(
Π̃(r)∗

2 ; a(r)j ̸=1

)]
, (5.153)

where F0, G0, and H0 are rational functions of the a(r)j coefficients, with the latter two being

linear in ∑lk a′(r)lk g∗l g∗k and Π̃(r)∗
2 , respectively. Their analytic form is model-dependent and

is not needed for the discussion. Note that the reference fixed-point value y∗1(2 loops) is
obtained by equating the 2-loop RGE flow to the MS values of the couplings at the EWSB
scale. As such, it can be significantly shifted with respect to y∗1(1 loop), mostly due to the
contributions of relevant parameters like g3 and g2 to the 2-loops RGEs.
Let us thus define the shift at the fixed point due to relevant parameters in the flow,

y∗2
1 (2 loops) = y∗2

1 (1 loop) + δy∗2
1 , (5.154)

and derive the parametric expression for the fixed point of a second Yukawa coupling of the
irrelevant type. This is our prediction, which we indicate as y∗2 . Its value must be a function
of fy. By using 5.153 we trade fy for y∗1 and plug into the fixed-point solution for y∗2 :

y∗2(2 loops) ≈
[

F1

(
a(r)j

) (
y∗2

1 (1 loop) + δy∗2
1

)
+ G1

(
∑
l,k

a′(r)lk g∗l g∗k ; a(r)j ̸=1

)

+H1

(
Π̃(r)∗

2 ; a(r)j ̸=1

)]1/2
, (5.155)

where the F1, G1, are some other rational functions of coefficients of order one, and the H1

function carries the 2-loop terms. Using 5.151, one can see that the higher-loop correction H1

only depends, up to order-one coefficients, on sums of fixed-point products c∗l1 c∗l2 c∗l3 c∗l4 . It is
thus very similar in size for all the predicted Yukawa couplings – y∗2 , y∗3 , etc. The shift un-
certainty δy∗2

1 also enters in the same way in all predicted Yukawa couplings. However, the
relative uncertainties affecting the predictions – δy∗2/y∗2 , δy∗3/y∗3 , etc. – differ for the different
Yukawa couplings because they are very sensitive to the actual size of the coupling itself.

3Because of assumption 2 in Sec.5.3.1, in order to estimate fy all one needs is a fixed point with an irrelevant SM
Yukawa coupling. Which fixed point works best for the phenomenology is decided on a case-by-case basis.
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If one, for example, had obtained at 1 loop y∗2 ≪ y∗1 , g∗k , that would have implied a pre-

cise cancellation (fine tuning) between F1(a(r)j ) y∗2
1 and the G1 function. As a consequence,

the uncertainty due to δy∗2
1 and H1 on the final result would grow. Conversely, obtaining

y∗2 ≈ y∗1 , g∗k at 1 loop would imply that such prediction can be trusted to a very good approx-
imation.
For a quantitative example, let us choose a fixed point with one irrelevant gauge coupling
(l = k = 1) and two Yukawa couplings (r, j = 1, 2). Equation (5.155) becomes

y∗2(2 loops) ≈

 a(2)1 − a(1)1

a(1)2 − a(2)2

(
y∗2

1 (1 loop) + δy∗2
1

)
+

(
a′(1)11 − a′(2)11

)
g∗2

1 + Π̃(2)∗
2 − Π̃(1)∗

2

a(1)2 − a(2)2

1/2

.

(5.156)
This is the case, for example, of the S3 LQ. With respect to the notation of Sec. 5.3.2.2, here
g1 ≡ gY, y1 ≡ yt, and y2 ≡ yLQ . All other couplings are chosen relevant and zero at the
fixed point. The 1-loop coefficients in this model can be found in Appendix 5.D and read
a(1)1 = 9/2, a(1)2 = 3/2, a′(1)11 = 17/12, a(2)1 = 1/2, a(2)2 = 8, a′(2)11 = 5/6.
The shift in the top Yukawa fixed point can be computed numerically: δy∗2

1 ≈ −9 × 10−3.

This should be summed to the explicit 2-loop contribution to the beta functions, Π̃(2)∗
2 −

Π̃(1)∗
2 , which can be obtained from Appendix 5.D. The latter turns out to be approximately

one order of magnitude smaller than δy∗2
1 when the quartic couplings of the scalar potential

are neglected. If the quartic couplings are assumed to be of order one, we get instead Π̃(2)∗
2 −

Π̃(1)∗
2 ≈ −3 × 10−2. The first of these determinations leads to the largest uncertainty on the

prediction. By plugging the 1-loop coefficients into 5.156, together with the 1-loop fixed-
point values given in Sec. 5.3.2.2, one can easily compute the percent deviation,

δy∗2
y∗2

=
y∗2(2 loops)− y∗2(1 loop)

y∗2(1 loop)
≈ −25% . (5.157)

We note that in this example the uncertainty is not negligible. This was expected, since at
1 loop one finds y∗2 < y∗1 , g∗1 , see the values in Sec. 5.3.2.2. In the B − L model, on the other
hand, one finds y∗2 , y∗3 ≈ y∗1 , g∗k=1,2,3, and the uncertainty is smaller, cf. Table 5.5.
The discussion can be extended, finally, to cases in which an additive contribution to the
Yukawa coupling RGEs – the fourth and fifth addends in 5.150 – is present. It is not difficult
to realize that in this case the gauge-Yukawa system only admits a set of real solutions if all
the fixed-point values y∗r are of comparable size. The fixed points can have naturally the size
of the gauge couplings, in which case they are not very sensitive to the 2-loop corrections,
which are highly suppressed. The fixed points, on the other hand, could also be very small,
due to an accidental (fine tuned) cancellation of the terms with ∑l,k a′lkgl gk and fy in 5.150.
In that case, 2-loop contributions become important.

Numerical examples We provide quantitative estimates of the higher-loop effects discussed
in this section in the two NP models introduced in Sec. 5.3.2.
In Table 5.5 we present the 2-loop determinations of the gravity parameters fg and fy, the
fixed-point values of the model couplings, as well as their percent uncertainties at the fixed
point and at the low-energy scale, µ = Mt. The latter are derived under the assumption that
the low-scale value of the reference SM coupling (gY(Mt) in the B − L model, yt(Mt) in the
Yukawa sector of the B − L model and in the S3 LQ model) is not varied when performing
the fixed point analysis at 2 loops.
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B − L

fg g∗Y g∗d g∗ϵ δg∗Y/g∗Y δg∗d /g∗d δg∗ϵ /g∗ϵ δgd/gd(Mt) δgϵ/gϵ(Mt)

0.0098 0.4748 0.4415 −0.3445 0.3% −0.1% −0.1% −0.4% −0.5%

fy y∗t y∗ν y∗N δy∗t /y∗t δy∗ν/y∗ν δy∗N/y∗N δyν/yν(Mt) δyN/yN(Mt)

0.0016 0.2727 0.5220 0.3813 −6.0% −3.3% −1.4% −1.4% −0.8%

S3 LQ
fy y∗t y∗LQ δy∗t /y∗t δy∗LQ/y∗LQ δyLQ/yLQ(Mt)

−0.0007 0.2133 0.0855 −8.8% −24.5% −14.3%

TABLE 5.5: 2-loop determination of the gravity parameters fg and fy, fixed-
point values of the reference and the to-be-predicted couplings, percent un-
certainty at the fixed point, and percent uncertainty at the low scale for the
models introduced in Sec. 5.3.2. The uncertainties are defined w.r.t. the 1-loop

results of Sec. 5.3.2, cf. 5.157.

The results shown in Table 5.5 confirm our discussion. The impact of higher-order correc-
tions on the fixed-point value of a coupling is almost negligible for the gauge couplings,
while in the Yukawa sector it depends on the relative size of the reference and the predicted
couplings. In the B − L model, the fixed-point values of all three couplings are comparable
in size. Hence, the impact of 2-loop corrections is small and the uncertainty on the NP cou-
plings is of the order of a few percent. Conversely, in the S3 LQ model, yLQ is smaller by a
factor of 2 than yt. The impact of the 2-loop corrections is then more pronounced, and the
resulting fixed-point uncertainty increases.
Closer inspection of the last column of Table 5.5 reveals that the low-scale uncertainties of
the NP Yukawa couplings are smaller than those at the fixed-point. This is not a coincidence
and it is intrinsically related to modifications of the RG flow due to higher-order corrections.
To get a better understanding of the underlying mechanism, we show in Fig. 5.8(a) the 1-
loop (dashed) and 2-loop (solid) running of yt (red), yν (blue) and yN (green) in the B − L
model. The analogous flow of the top (red) and LQ (blue) Yukawa couplings of the S3 model
is presented in Fig. 5.8(b). Due to the negative contribution of the gauge coupling g3 to the
beta functions of the Yukawa couplings of particles carrying the color charge, the running
value of yt at 2 loops is generically smaller than at 1 loop. As was discussed below 5.155,
it follows that the fixed-point values of the NP Yukawa couplings also tend to be shifted
downwards. The effect is stronger for the couplings that depend on yt already at 1 loop (yν

and yLQ).
On the other hand, since the same reference low-scale value yt(Mt) is used in the fixed-
point analysis at any loop order, the RG trajectories of the NP Yukawa couplings have the
tendency to focus towards their 1-loop value in the infrared, which results in a reduction of
the uncertainty with respect to the prediction at the fixed point. A generic rule of thumb
thus applies: the uncertainty in the determination of the fixed-point value of a NP Yukawa
coupling provides an upper bound on the uncertainty of the same prediction at the low scale.

5.3.3.2 Dependence on the position of the Planck scale

In this subsection, we drop the second of the approximations listed in Sec. 5.3.1, i.e., we
consider what happens if gravity decouples from the matter RGEs sharply at a scale that
differs from 1019 GeV by a few orders of magnitude.

Gauge couplings When assessing the impact of the Planck-scale position on the predic-
tions for gauge couplings one should note that an uncertainty on the position of the Planck
scale is effectively equivalent to an uncertainty on the fixed-point value of the hypercharge
gauge coupling, g∗Y, and hence fg. As a consequence of Eqs. (5.146) and (5.147) one can see
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FIGURE 5.8: (a) RG flow of the top (red), Dirac neutrino (blue) and sterile
neutrino (green) Yukawa couplings of the gauge B − L model at the 1-loop
(dashed) and 2-loop (solid) orders. The gray vertical line indicates the fixed
position of the Planck scale, MPl = 1019 GeV. (b) Same as in (a), but for the

top (red) and LQ (blue) Yukawa couplings of model S3.

that moving the Planck scale back and forth does not affect the predicted ratios r∗g,i at the
1-loop order, as the fg dependence cancels out. This feature is not preserved at higher orders
in the perturbative expansion. However, the impact of the Planck scale position remains
negligibly small, of O(0.01%).

Yukawa couplings On the other hand, since 5.155 depends explicitly on the fixed-point
values of the couplings, changing the position of the Planck scale will alter the prediction for
the Yukawa couplings, as it changes the fixed-point values of the abelian gauge couplings,
which we indicate collectively with g∗k=1,2,..., and of the reference Yukawa coupling y∗1 .
Let us define, with slight abuse of notation, r∗g,k = g∗k /y∗1 , r∗y,2 = y∗2/y∗1 , and the percent
uncertainty

δr∗g(y),i
r∗g(y),i

=
r∗g(y),i(MPl ̸= 1019 GeV)− r∗g(y),i(MPl = 1019 GeV)

r∗g(y),i(MPl = 1019 GeV)
. (5.158)

Neglecting for this discussion the 2-loop contribution, the percent uncertainty on the pre-
dicted Yukawa-coupling ratios propagates in 5.155 as

δr∗y,2

r∗y,2
=

1
r∗2

y,2
G1

(
∑
l,k

a′(r)lk r∗g,lr
∗
g,k ·

1
2

[
δr∗g,l

r∗g,l
+

δr∗g,k

r∗g,k

]
; a(r)j ̸=1

)
. (5.159)

It is straightforward to re-frame the two cases described in Sec. 5.3.3.1 in light of 5.159. If
the predicted Yukawa fixed point is of comparable size to the irrelevant gauge couplings,
r∗y,2 ≈ r∗g,l(k), the uncertainty is dominated by the shifting of the gauge coupling fixed point:

∣∣∣∣∣ δr∗y,2

r∗y,2

∣∣∣∣∣ ≈
∣∣∣∣∣ δr∗g,l(k)

r∗g,l(k)

∣∣∣∣∣ . (5.160)
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B − L fg g∗Y g∗d g∗ϵ δg∗Y/g∗Y δg∗d /g∗d δg∗ϵ /g∗ϵ δgd/gd(Mt) δgϵ/gϵ(Mt)

1020 GeV 0.0102 0.4843 0.4522 −0.3530 2.3% 2.3% 2.3% 0.0% 0.0%

1016 GeV 0.0086 0.4445 0.4151 −0.3240 −6.1% −6.1% −6.1% 0.0% 0.0%

fy y∗t y∗ν y∗N δy∗t /y∗t δy∗ν/y∗ν δy∗N/y∗N δyν/yν(Mt) δyN/yN(Mt)

1020 GeV 0.0020 0.2914 0.5523 0.3927 0.4% 2.3% 1.5% 1.3% 0.3%

1016 GeV 0.0020 0.2869 0.5069 0.3715 −1.1% −6.1% −4.0% −3.7% −0.9%

S3 LQ fy y∗t y∗LQ δy∗t /y∗t δy∗LQ/y∗LQ δyLQ/yLQ(Mt)

1020 GeV −0.0006 0.2309 0.1043 −1.3% −7.8% −5.1%

1016 GeV 0.00002 0.2422 0.1337 3.5% 18.1% 10.1%

TABLE 5.6: Impact of the position of the Planck scale on the determination of
the gravity parameters fg and fy , fixed-point values of the reference and the
to-be-predicted couplings, percent uncertainty at the fixed point, and percent
uncertainty at the low scale for the models introduced in Sec. 5.3.2. The un-

certainties are defined w.r.t. the 1-loop results of Sec. 5.3.2, cf. 5.158.

Conversely, if the predicted coupling is small, r∗y,2 ≪ r∗g,l(k), the relative uncertainty can grow
substantially and we lose control of the prediction,∣∣∣∣∣ δr∗y,2

r∗y,2

∣∣∣∣∣≫
∣∣∣∣∣ δr∗g,l(k)

r∗g,l(k)

∣∣∣∣∣ . (5.161)

As a quantitative example, let us consider again the simple case of two Yukawa couplings,
y∗1 , y∗2 , and one gauge coupling g∗1 (hypercharge), all irrelevant at the fixed point. Equa-
tion (5.159) becomes in this case

δr∗y,2

r∗y,2
=

r∗2
g,1

r∗2
y,2

·
a′(1)11 − a′(2)11

a(1)2 − a(2)2

·
δr∗g,1

r∗g,1
. (5.162)

This is the case, e.g., of the S3 LQ model, whose 1-loop coefficients were given below 5.156.
One can show numerically (1-loop RGEs will suffice) that an eventual shift in the value of
the Planck scale will induce a variation in the fixed point values g∗1 , y∗1 , and, consequently,
r∗g,1 ≡ g∗1/y∗1 . For example, let us move the Planck scale to MPl = 1016 GeV in one case, and
to MPl = 1020 GeV in another. This results in the changing of g∗1 = g∗Y from the value in 5.135
to 0.45 and 0.49, respectively. One finds δr∗g,1/r∗g,1(1016) ≈ −10% and δr∗g,1/r∗g,1(1020) ≈ 4% .
We can thus use 5.162 to predict δr∗y,2/r∗y,2 ≈ −1.63 × δr∗g,1/r∗g,1, which agrees well with
numerical derivations showing δr∗y,2/r∗y,2(1016) ≈ 18.1% and δr∗y,2/r∗y,2(1020) ≈ −7.8% .

Numerical examples In Table 5.6 we summarize the findings of this subsection for our
benchmark models. For two different values of the Planck scale, MPl = 1020 GeV and
MPl = 1016 GeV, we show determinations of the gravity parameters fg and fy, the fixed-
point values of the model couplings, their percent uncertainties at the fixed point and the
uncertainties at the scale µ = Mt. One can immediately see that all the fixed-point values of
the gauge couplings are rescaled by the same amount, so the low-scale predictions are not
altered.
The RG-invariance of the gauge-coupling ratios r∗g,i is made transparent in Fig. 5.9(a), where
we show the difference in the flow of the gauge couplings of the B − L model for different
choices of the Planck scale. The shift in the flow of the Yukawa sector of the B − L models is
presented in Fig. 5.9(b), whereas the difference in the flow of the S3 LQ model is shown in
Fig. 5.9(c).
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FIGURE 5.9: (a) 1-loop RG flow of the hypercharge (red), dark gauge (blue),
and kinetic mixing (green) couplings of the B− L model with the Planck scale
set at 1019 GeV (solid) and 1016 GeV (dashed). The gray vertical line indicates
the fixed positions of the Planck scale. (b) Same as in (a) for the top Yukawa
(red), the Dirac neutrino Yukawa (blue) and sterile neutrino Yukawa coupling
(green) of the B − L model. (c) Same as in (a) for the top Yukawa (red) and

LQ Yukawa coupling (blue) of the S3 model.

As was discussed in Sec. 5.3.3.1, we observe focusing of the RG trajectories of the Yukawa
couplings below the Planck scale. This indicates that the uncertainty calculated at the fixed
point according to 5.159 is the maximal uncertainty that can be observed in a given NP
model.

5.3.3.3 Scale-dependence of the gravitational correction

Finally, in this subsection we are going to drop the third of the approximations listed in
Sec. 5.3.1, i.e., we include in the analysis the scale dependence of the gravitational parame-
ters. The actual functional form of fg and fy is subject to technical assumptions within the
FRG framework. For example, in the Einstein-Hilbert truncation and in the Landau-gauge
limit the relevant formulae can be found in Ref. [182]. In the following analysis we will avoid
sticking to any particular form of fg(t) and fy(t) to be able to draw conclusions that remain
as generic as possible.
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Gauge couplings Consider 5.1, applied e.g. to the three (irrelevant) gauge couplings of the
B − L model, i = Y, d, ϵ. Due to its universality, the explicit gravitational contribution to the
matter beta function fg entirely factors out of the running ratios:

d
dt

(
gd
gY

)
=

1
gY

(
βmatter

d − gd
gY

βmatter
Y

)
[t] ≡ Fd(gY(t), gd(t), gϵ(t), ...) , (5.163)

d
dt

(
gϵ

gY

)
=

1
gY

(
βmatter

ϵ − gϵ

gY
βmatter

Y

)
[t] ≡ Fϵ(gY(t), gd(t), gϵ(t), ...) , (5.164)

where the matter beta functions βmatter
i are given in parametric form in Eqs. (5.141)–(5.143)

and we have formally defined slope functions Fd and Fϵ which do not depend on fg. We are
going to show that the 1-loop ratios gd/gY and gϵ/gY are exact invariants of the RG flow,
whereas, at order n ≥ 2, RG invariance is respected up to a very good approximation.
To understand the underlying mechanism, let us apply the definition of total derivative to
5.163 and focus on a sequence of infinitesimal scale intervals, ... t2 < t1 < t0, with the system
lying at the fixed point at t0. Moving backwards in t, one gets

gd(t1)

gY(t1)
= r∗g,d + (t1 − t0)Fd(g∗Y, g∗d , g∗ϵ , ...) (5.165)

gd(t2)

gY(t2)
=

gd(t1)

gY(t1)
+ (t2 − t1)Fd(gY(t1), gd(t1), gϵ(t1), ...) (5.166)

gd(t3)

gY(t3)
...

where r∗g,d was defined in 5.146 for REGs at arbitrary loop order. The same steps can be
repeated for 5.164. One can check, by directly imposing boundary condition (5.146) into
5.163 at t0, that Fd vanishes at the fixed point: Fd(g∗Y, ...) = 0. Equivalently, one can show
that Fϵ(g∗Y, ...) = 0. Thus, gd(t1)/gY(t1) = r∗g,d and gϵ(t1)/gY(t1) = r∗g,ϵ. For the next
time interval one can plug Eqs. (5.146), (5.147) in Eqs. (5.141)–(5.143) and express the slope
functions in terms of fixed-point ratios:

Fd(gY(t1), gd(t1), ...) =
g2

Y(t1)

16π2

[
b̃Y(t1)r∗ 2

g,ϵ + b̃d(t1)r∗ 2
g,d + b̃ϵ(t1)r∗g,ϵr∗g,d − b̃Y(t1)

]
r∗g,d ,

(5.167)

Fϵ(gY(t1), gd(t1), ...) =
g2

Y(t1)

16π2

[(
b̃Y(t1)r∗g,ϵ + b̃ϵ(t1)r∗g,d

) (
1 + r∗ 2

g,ϵ

)
+ b̃d(t1) r∗ 2

g,d r∗g,ϵ

]
,

(5.168)
where, in agreement with 5.148, we have defined

b̃i(t) ≡ bi + Π(i)
n≥2(t) (5.169)

away from the fixed point.
At order n = 1, b̃i(t) = bi. Boundary conditions (5.146) and (5.147) ensure that F(n=1)

d (t1) = 0

and F(n=1)
ϵ (t1) = 0, independently of the actual values of the running gauge couplings. As

an immediate consequence, gd(t)/gY(t) = r∗g,d and gϵ(t)/gY(t) = r∗g,ϵ along the entire RG
flow. Given that the ratios r∗g,d and r∗g,ϵ are, at 1 loop, uniquely determined by the gauge
quantum numbers, we can conclude that the predictions of AS for the gauge couplings do
not depend on the particular functional form of the gravitational contribution fg(t).
On the other hand, the scale-invariance of the gauge coupling ratios is washed out by higher-
order loop contributions, which introduce a t-dependent deviation from the 1-loop predic-
tion due to appearance in 5.169 of couplings (relevant gauge couplings, Yukawa and quartic
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FIGURE 5.10: RG flow of the hypercharge (red), dark gauge (blue), and ki-
netic mixing (green) couplings of the B − L model at 1 loop. Dotted lines cor-
respond to the benchmark scenario with fg constant above the Planck scale.
Darker solid lines indicate two arbitrary parametrizations of fg(t) . Dashed

lines correspond to the FRG results of Ref. [182].

couplings) that lie outside of the system (5.141)–(5.143). While these deviations from scale-
invariance could potentially build up over scales spanning many orders of magnitude, they
remain in practice quite limited.
For illustration, we show in Fig. 5.10 the RG flow of the three gauge couplings of the B − L
model: gY (red), gd (blue), and −gϵ (green). Dotted lines correspond to the benchmark sce-
nario with fg and fy constant above the Planck scale (MPl = 1019 GeV). Darker solid lines
indicate two random parametrizations of the functional dependence fg(t), where the grav-
ity parameter is allow to vary by a factor 10 in the range between 1016 GeV and 1020 GeV.
One can see that, in spite of different fixed-point values in each case, the RG invariance of
the coupling ratios leads to unchanged low-scale predictions. Finally, the dashed lines cor-
respond to the fg(t) parametrization based on the FRG results of Ref. [182]. Note that in that
framework it is reasonable to expect only very moderate changes in the gravity parameters.

Yukawa couplings In the case of the Yukawa coupling RGEs given in 5.2 one can consider
the ratio of two irrelevant Yukawa couplings y1 and y2:

d
dt

(
y2

y1

)
=

1
y1

(
βmatter

2 − y2

y1
βmatter

1

)
[t] ≡ G(yj(t), gk(t), ...) , (5.170)

where the parametric form of the matter beta functions is given in 5.150 and the slope func-
tion G does not depend explicitly on fy. Unlike the gauge sector, which features scale-
invariant ratios at 1 loop, for the Yukawa couplings the t-dependence of fg and fy can impact
the running of the y2/y1 ratio even at 1 loop.
Repeating the infinitesimal-step analysis,

y2(t1)

y1(t1)
=

y∗2
y∗1

+ (t1 − t0) G(y∗j , g∗k , ...) , (5.171)

y2(t2)

y1(t2)
=

y2(t1)

y1(t1)
+ (t2 − t1) G(yj(t1), gk(t1), ...) , (5.172)

. . .
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FIGURE 5.11: (a) Function |G(t)| in the S3 LQ model for different
parametrizations of fg(t) and fy(t). Gray dashed line indicates the bench-
mark scenario with both gravitational parameters constant above the Planck
scale (MPl = 1019 GeV). Red solid line corresponds to fg constant and fy

allowed to vary by a factor 10 in the range between 1016 GeV and 1020 GeV.
Blue and green lines show two arbitrary parametrizations of fg(t) and fy(t).
(b) 1-loop RG flow of the top Yukawa (red), LQ Yukawa (blue) and hyper-
charge gauge (green) couplings of the S3 model for different parametrizations
of fg(t) and fy(t). Dotted lines correspond to the benchmark 1-loop scenario
with fg constant above the Planck scale. Dashed lines indicate a parametriza-
tion based on the FRG results of Ref. [182]. Solid lines show a parametrization

resulting in fg(t) ≪ | fy(t)| in the trans-Planckian regime.

one finds, again, that G(y∗j , g∗k , ...) = 0, so that y2(t1)/y1(t1) = y∗2/y∗1 . However, even at 1
loop, G(yj(t1), gk(t1), ...) ̸= 0.
In order to see this, let us neglect for simplicity the additive contribution to the Yukawa beta
functions in 5.150. In analogy to the gauge coupling case, one can then express

G(yj(t1), gk(t1), ...) =
y2

1(t1) r∗y,2

16π2

[
∑

j

(
a(2)j − a(1)j

) y2
j (t1)

y2
1(t1)

− ∑
l,k

(
a′(2)lk − a′(1)lk

) gl(t1)gk(t1)

y2
1(t1)

]

+
r∗y,2

16π2 ∑
n≥2

[
Π̃(2)

n (t1)− Π̃(1)
n (t1)

]
. (5.173)

where r∗y,2 was defined before 5.158. Note that the non-abelian gauge couplings and some of
the Yukawa couplings contributing to the sums within square brackets in 5.173 correspond
to relevant directions of the parameter space. Thus, even at 1 loop, if any of the couplings
deviates from its fixed point (due to the change of the gravity parameters or the presence of
relevant directions in the coupling space) the contribution from the first line of 5.173 does
not vanish exactly at t1 and the ratio y2(t)/y1(t) starts to flow.
This effect is illustrated in Fig. 5.11(a), where we show the actual size of the function |G(t)|
for different parametrizations of fg(t) and fy(t) in the S3 LQ model. Gray dashed line indi-
cates our benchmark scenario with both gravitational parameters constant above the Planck
scale (MPl = 1019 GeV). Red solid line corresponds to a situation in which fg is kept con-
stant, but fy is allowed to vary by a factor 10 in the range between 1016 GeV and 1020 GeV.
Once can see that there is no difference with the previous case, confirming the fact that the fy

dependence factors out from the RG running of the Yukawa-coupling ratio. Finally, in green
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and blue we show two arbitrary parametrizations of fg(t), fy(t). Despite broad fluctuations,
|G(t)| remains small in size. We can conclude that the flow of the ratio y2(t)/y1(t) remains
fairly stable throughout.
As a matter of fact, the dominant source of uncertainty for the prediction of a Yukawa cou-
pling is not given by the changing of y2(t)/y1(t) along the RG flow, but rather by the fact
that the fixed-point ratio r∗y,2 itself becomes unknown once we factor in the t-dependence of
fg and fy. As was shown in several papers [110, 195, 196], at 1 loop in the matter RGEs the
fixed-point ratio of two Yukawa couplings takes the parametric form

r∗y,2 =

√
A′ fg + B′ fy

A fg + B fy
. (5.174)

Numerical coefficients A, A′, B, B′ are combinations of the 1-loop coefficients of the mat-
ter beta functions. They can be finite or zero. Referring, again, to the simple case of two
irrelevant Yukawa couplings, y1, y2, and one gauge coupling, g1, one can write

A = a(2)2 a′(1)11 − a(1)2 a′(2)11 , B = b1

(
a(2)2 − a(1)2

)
, (5.175)

A′ = a(1)1 a′(2)11 − a(2)1 a′(1)11 , B′ = b1

(
a(1)1 − a(2)1

)
, (5.176)

where a(r)j , a′(r)lk are coefficients of the Yukawa-coupling beta functions, cf. 5.150, and b1 is the
1-loop coefficient of the g1 beta function.
In the limiting case of one of the two gravitational parameters being strongly dominant with
respect to the other, the ratio becomes known, albeit possibly extreme (even zero or infinity).
For example, in the S3 LQ model one gets

lim
fg→∞

r∗y,2 =

√
A′

A
= 0.55, or lim

| fy |→∞
r∗y,2 =

√
B′

B
= 0.78 , (5.177)

which are not far from the prediction obtained from 5.135, r∗y,2 ≈ 0.48. In general, however,
cancellations in the numerator/denominator of 5.174 might take place, so that there is no
real handle on the prediction.
This is illustrated in Fig. 5.11(b), where we show the RG flow of the top Yukawa (red), LQ
Yukawa (blue) and hypercharge (green) gauge coupling of the S3 model with different func-
tional forms of fg(t) and fy(t). The color code is the same as in Fig. 5.10(a). While it was
shown above that even extreme fluctuations do not modify the low-scale predictions for the
gauge couplings, we can see in Fig. 5.11(b) that the trans-Planckian behavior of the running
yLQ (blue) and yt (red) couplings is drastically different in the cases in solid vs. those in
dotted/dashed.
An assessment from first principles of the uncertainties on the action was attempted in
Ref. [189]. Several choices of the truncation, and different matter content, were shown to
induce significant shifts in the fixed-point values of the cosmological and Newton constant.
On the other hand, when those shifts are plugged into typical FRG computations of fg and fy

– e.g., those in Ref. [182] – the actual percent uncertainty on fg(t) and fy(t) rarely exceeds the
O(1) level along the entire trans-Planckian flow. In Fig. 5.11(b), the parametrization based
on the explicit FRG results of Ref. [182] is depicted in dashed lines. It introduces a small
uncertainty on the prediction of yLQ, of around 5%.
Incidentally, in the sub-Planckian regime of Fig. 5.11(b) we observe focusing due to the pres-
ence of a large coupling g3, in agreement with the discussion at the very end of Sec. 5.3.3.1.
The resulting low-scale uncertainty on yLQ reduces to 4% for the FRG-inspired functional



Chapter 5. Asymptotically safe gravity confronts VLF phenomenology 124

dependence of the gravitational parameters. For the case in solid, which corresponds to
fg(t) ≪ | fy(t)|, the low-scale uncertainty on yLQ reads ∼ 19%.

5.3.4 Conclusions

In this section , we have investigated in detail the issue of the theoretical uncertainties asso-
ciated with predictions for irrelevant Lagrangian couplings emerging from trans-Planckian
AS. We have decided to bypass strictly gravitational aspects following a popular phenomeno-
logical approach which relies on a parametric description of quantum gravity with univer-
sal coefficients that are eventually obtained from low-energy observations. Our focus lies
squarely on the uncertainties pertaining to the matter sector, which takes the form of a sys-
tem of gauge- and Yukawa-coupling RGEs.
We have quantified the impact of relaxing several approximations commonly used in the
literature to extract phenomenological predictions. In particular we have considered: the ef-
fect of including higher-order corrections in the matter RGEs of the gauge-Yukawa system;
the impact of selecting a value different from 1019 GeV for the (somewhat arbitrary) position
of the Planck scale; and the effects of using scale-dependent parametrizations of the gravi-
tational UV completion in the matter RGEs, resulting in a non-instantaneous decoupling of
gravity from matter around the Planck scale.
The main findings of our study are the following. First, in the gauge sector the uncertainty
induced by relaxing any of the simplifying assumptions never exceeds the 1% level. We can
conclude that fixed-point predictions for the irrelevant gauge couplings of the SM and/or
NP models are extremely robust, even when they are obtained in a heuristic, simplified
approach to AS that is based on some approximations.
A similar conclusion can be drawn for the Yukawa sector of the NP theory, if the predicted
Yukawa couplings are of comparable size to the irrelevant gauge couplings. The uncertain-
ties remain at bay, not exceeding ∼ 10% at the fixed point if higher-order corrections are
included, or if the Planck scale is moved to, e.g., 1016 GeV. The situation is additionally
helped by focusing of the RG trajectories in the sub-Planckian regime.
Potentially more dangerous uncertainties could stem from considering the non-trivial scale
dependence of the gravitational contributions to the matter beta functions, parameterized
by functions fg(t) and fy(t), as in this case we lose the ability of determining the actual
value of the Yukawa couplings at the fixed point. However, we have argued, based on both
an analytical and numerical discussion, that in the range of variability of the gravitation
parameters that can be realistically expected in the framework of the FRG, the resulting
uncertainty is moderate.
Finally, we have identified one situation in which the AS-based predictions cannot be trusted
as any modification of the setup would lead to a drastic change on the predicted value of a
NP coupling. This happens if the predicted Yukawa coupling is much smaller than the irrel-
evant gauge couplings, since in this case it is a result of an accidental, precise cancellation
of two quantities of comparable size. This is a manifestation of fine tuning, exactly analo-
gous to some of the cases described in, e.g., Ref. [197], for which the fixed-point gravitational
contribution fy happens to be unnaturally close to a critical value f crit

Z,XY which depends ex-
clusively on the gauge quantum numbers of the matter sector. Since the prediction itself
finds its origin on a fortuitous cancellation of unrelated quantities it is very subject to the
approximations employed for its derivation.
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Appendix 5.D: Renormalisation group equations

In this appendix we presents the DREG matter RGEs used in this work. They are listed
order-by-order according to the following notation:

β (X) ≡ µ
dX
dµ

≡ 1

(4π)2 β(1)(X) +
1

(4π)4 β(2)(X) .

We do not write explicitly the contributions from the down-type quark and charged-lepton
Yukawa matrices which do not affect our numerical analysis.

Gauged U(1)B−L

Gauge sector

β(1)(gY) =
41
6

g3
Y

β(2)(gY) = +
199
18

g5
Y +

92
9

g3
Yg2

d +
199
18

g3
Yg2

ϵ +
164
9

g3
Ygdgϵ +

9
2

g2
2g3

Y +
44
3

g2
3g3

Y

− 17
6

g3
YTr

(
Y†

u Yu

)
− 1

2
g3

YTr
(

Y†
ν Yν

)

β(1)(gϵ) = +
32
3

g2
Ygd +

32
3

gdg2
ϵ +

41
3

g2
Ygϵ + 12g2

dgϵ +
41
6

g3
ϵ

β(2)(gϵ) = +
224

9
g2

Yg3
d +

199
6

g2
Yg3

ϵ +
164

9
g4

Ygd +
656

9
g2

Ygdg2
ϵ +

448
9

g3
dg2

ϵ +
184

3
g2

dg3
ϵ

+
328
9

gdg4
ϵ + 12g2

2g2
Ygd + 12g2

2gdg2
ϵ +

32
3

g2
3g2

Ygd +
32
3

g2
3gdg2

ϵ +
199

9
g4

Ygϵ

+
644

9
g2

Yg2
dgϵ +

800
9

g4
dgϵ +

199
18

g5
ϵ + 9g2

2g2
Ygϵ + 12g2

2g2
dgϵ +

88
3

g2
3g2

Ygϵ

+
32
3

g2
3g2

dgϵ +
9
2

g2
2g3

ϵ +
44
3

g2
3g3

ϵ −
10
3

g2
YgdTr

(
Y†

u Yu

)
− 2g2

YgdTr
(

Y†
ν Yν

)
− 10

3
gdg2

ϵTr
(

Y†
u Yu

)
− 2gdg2

ϵTr
(

Y†
ν Yν

)
− 17

3
g2

YgϵTr
(

Y†
u Yu

)
− g2

YgϵTr
(

Y†
ν Yν

)
− 4

3
g2

dgϵTr
(

Y†
u Yu

)
− 4g2

dgϵTr
(

Y†
ν Yν

)
− 4g2

dgϵTr (Y∗
NYN)−

17
6

g3
ϵTr
(

Y†
u Yu

)
− 1

2
g3

ϵTr
(

Y†
ν Yν

)

β(1)(gd) = + 12g3
d +

41
6

gdg2
ϵ +

32
3

g2
dgϵ
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β(2)(gd) = +
92
9

g2
Yg3

d +
199
18

g2
Ygdg2

ϵ +
800

9
g5

d +
184

3
g3

dg2
ϵ +

328
9

g2
dg3

ϵ +
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18
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ϵ +

9
2

g2
2gdg2

ϵ

+
44
3

g2
3gdg2

ϵ +
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9
g2

Yg2
dgϵ +
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9
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dgϵ +
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3
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3g2
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3
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3g3

d

− 4
3

g3
dTr
(

Y†
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)
− 4g3

dTr
(

Y†
ν Yν

)
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dTr (Y∗
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6

gdg2
ϵTr
(

Y†
u Yu
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− 1

2
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ϵTr
(

Y†
ν Yν

)
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3
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dgϵTr
(

Y†
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dgϵTr
(

Y†
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)
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6
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2
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3
2
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Y + 4g3
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2Tr
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2Tr
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Yukawa sector The Higgs potential couplings λ1, λ2, and λ3 are defined according to
Ref. [269].
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Leptoquark S3 In this model the 2-loop Yukawa RGEs depend also on the dimensionless
BSM Higgs potential parameters λS3 and λHS3 , which we define as
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. (5.178)

We have checked that these couplings do not influence predictions for the gauge and Yukawa
sector in a significant manner. As such, they are set to 0 in our numerical analysis.
Note that there was an error in the normalization of YLQ in the RGEs given in Ref. [196].
Below we present the correct expressions.

Gauge sector
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6
Conclusions

This thesis has presented a multifaceted investigation into VLFs as promising candidates for
physics beyond the SM, exploring their phenomenological signatures, their theoretical em-
bedding, and the constraints that UV consistency requirements may impose on them. The
interplay between RG techniques, phenomenological analysis, and non-perturbative meth-
ods has provided a coherent framework through which to understand the potential role of
VLFs in particle physics.

Chapter 2 laid the foundation by revisiting the structure of the SM, the mechanism of elec-
troweak symmetry breaking, and the theoretical machinery of the RG. Key motivations for
BSM physics – such as the hierarchy problem, vacuum stability, and lepton flavor anomalies
– were introduced, and the EFT perspective was discussed as a guiding paradigm in modern
model building. The need for non-perturbative tools was emphasized, especially in regimes
where perturbation theory breaks down, setting the stage for the FRG methods developed
in later chapters.

In Chapter 3 we introduced a minimal renormalisable extension of the SM with extra scalars
and VLQs and VLLs. The main motivation for studying such model is that it represents
an alternative to the Higgs mechanism for generating mass for the fermions of the SM. We
scanned its parameter space under vacuum-stability, flavor observables and perturbativ-
ity constraints, and identified benchmark points that remain fully consistent with all cur-
rent bounds. Specifically, the mass of the extra scalars is at around 300-600 GeV, while
the VLFs masses are at 800-1200 GeV. One distinctive feature of these solutions is that the
charged scalar/heavy neutrino loops provide dominant contributions to the observable ∆aµ.
The main reason behind this feature is that the same coupling which generates the neutral
scalar/charged lepton loops is also responsible for the correct tree-level mass of the muon
and thus it is required to be small. Regarding future prospects for experimental verification
of the model, the main result is that VLLs can not be tested in the current run of the LHC,
while VLQs and some of the scalar states are already accessible.

In Chapter 4, the investigation moved from phenomenology to more formal territory. We
studied the UV fixed point of a class of gauge-Yukawa theories in the limit where the num-
ber of colour and VLFs is taken to infinity, while keeping their ratio fixed. The theory at the
UV fixed point switches on all possible beyond marginal operators, and so it is important to
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consider them in the action. While the perturbative regime of the theory is studied in very
details in the literature, the corrections to the effective potential given by beyond marginal
operators are computed for the first time within functional renormalisation in our work, at
leading order in the Veneziano parameter. In our study, we include an infinite tower of be-
yond marginal operators in the model, compute their UV fixed point, and show how the
effective potential at the fixed point can be written in a closed form.

In Chapter 5.2 we assumed that quantum gravity itself approaches a fixed point at the Planck
scale MPl and introduced a universal contribution f into matter β-functions. We refer to this
approach as "heuristic", since we do not make any assumption on the action of quantum
gravity, and fix f in such a way to match the SM. We tested this idea on two simple and well-
known Z′ extensions of the SM providing a solution to the flavor anomalies in b → sµ+µ−

transitions. Thanks to the trans-Planckian fixed-point we were able to derive a fairly pre-
cise determination of the abelian kinetic mixing ϵ, the NP Yukawa couplings, and the scalar
quartic couplings. Bounds on the VL masses have been set using direct production of heavy
VLQs and VLLs at the LHC.

Finally, in Chapter 5.3 we have studied the robustness of the predictions within the "heuris-
tic" approach, by relaxing some of its main assumptions. In particular we have considered:
the effect of including higher-order corrections; the impact of moving the Planck scale; and
the effects of a non-instantaneous decoupling of gravity from matter around the Planck scale.
The main results are that the gauge sector is extremely stable, with an uncertainty of less
than 1% level. A similar conclusion can be drawn for the Yukawa sector if the predicted
Yukawa couplings are of comparable size to the irrelevant gauge couplings. Conversely, if
the predicted Yukawa coupling is much smaller than the irrelevant gauge couplings, then
the uncertainty becomes much larger.

Taken together, these studies demonstrate that VLFs provide a rich arena for exploring NPs.
Their unique properties and versatile phenomenological implications make them a natural
focal point for investigating how BSM scenarios can reconcile theoretical challenges with
experimental data. Moreover, by employing both traditional parameter space analyses and
modern non-perturbative techniques, this work aims to bridge different methodological ap-
proaches and to present a coherent picture of the impact of VLFs on particle physics phe-
nomenology.
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